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1 | INTRODUCTION
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| Yifan Xu?

Abstract

Inventory transshipment is generally shown to be beneficial to retailers by matching
their excess demand with surplus inventory. We investigate an inventory transship-
ment game with two newsvendor-type retailers under limited total supply and check
whether the retailers are better off than the case without transshipment. We derive the
ordering strategies for the retailers and show that unlike the unlimited supply case,
a pure Nash equilibrium only exists under certain conditions. Furthermore, contrary
to the conventional wisdom, we show that inventory transshipment may not always
benefit both retailers. Although one of the retailers is guaranteed to be better off, the
other could be worse off. The decision criteria are then provided for the retailers to
determine if they will benefit from the exercise of inventory transshipment. Numer-
ical study indicates that the carefully chosen transshipment prices play an important
role in keeping inventory transshipment beneficial to both retailers. Subsequently,
a coordinating mechanism is designed for the retailers to negotiate transshipment
prices that maximize the total profit of the two retailers while keeping each of them
in a beneficial position.

KEYWORDS

bargaining, game theory, inventory transshipment, newsvendor, supply chain coor-
dination

Integrated Supply Operations (Narus and Anderson, 1996)
and many others. Inventory transshipment has received

Inventory transshipment refers to the practice that the surplus
inventory of a retailer is transshipped to another retailer with
excess demand. As a pooling strategy, inventory transship-
ment helps retailers to mitigate the risk of demand uncertainty
and provides them a second chance to satisfy their demand.
Inventory transshipment is commonly conducted in indus-
tries including apparel and fashion goods (Bitran et al., 1998),
automobile dealership (Zhao and Atkins, 2009), transporta-
tion and maritime, service parts (Zhao et al., 2005), soft drink
(Dong et al., 2012), toys and electronics by companies such as
Foot Locker, Ingram Micro, Teknosa (Ozdemir et al., 2013),
Caterpillar, General Motors (Zhao et al., 2005), Grainger

extensive study in the past decade. Paterson et al. (2011) and
Huang (2013) provide excellent reviews on general inven-
tory transshipment models such as proactive (before demand
observation) and reactive (after demand observation) trans-
shipment, lateral and vertical transshipment, transshipment in
centralized and decentralized supply chains, and so on. In this
paper, we consider the reactive lateral inventory transship-
ment between decentralized retailers in the same echelon of a
supply chain.

Inventory transshipment can be helpful not only when the
retailers face demand uncertainty, but also when the sup-
ply capacity is limited and the retailers may not be able to
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stock the desired levels of inventory. For example, in indus-
tries like apparel, toys, automobiles and personal computers,
the supplier’s capacity may not be sufficient to fulfill all
orders of the retailers because it could be expensive or infea-
sible to increase the supply in response to the substantial
demand change in a short term (Cachon and Lariviere, 1999b;
Deshpande and Schwarz, 2002). Consequently, a supplier has
to allocate her limited supply to the retailers according to an
inventory allocation rule. Under such circumstances, chances
could be higher that a retailer will have insufficient inven-
tory and unmet demand. Inventory transshipment would then
become highly necessary.

In reality, many retailers face the limited supply on the sup-
ply side and conduct inventory transshipment on the demand
side. For example, in the European System of Central Banks,
the member banks (retailers) not only borrow cash from the
European Central Bank (supplier) whose money supply is
tight and only available in a weekly or monthly basis, but
also borrow from other banks (transshipment) to meet their
short-term needs (Ozdemir et al., 2013). Another example
is the capacity management of scarce resource in disaster
and pandemic response. In response to the demand surge for
scarce healthcare resources such as beds, vaccines, medicines,
nursing staff and doctors in an influenza pandemic, a rec-
ommended strategy is regional “mutual aid” (transshipment)
among counties, states and the nationwide Strategic National
Stockpiles that Center for Disease Control and Prevention
maintains (see Arora et al., 2010, and references therein). In
those situations, the decision problems of the retailers are
complicated by the competition on the supply side and the
cooperation on the demand side.

We find that existing literature on inventory transshipment
often implicitly assumes that the retailers’ inventory stocks
are not constrained by the supply availability, which is not
necessarily true in business practice. As a result, the profit
maximization decision of a retailer conducting inventory
transshipment and facing limited supply is not fully analyzed
and the impact of inventory transshipment on a capacitated
supply chain is not fully unveiled. Some remaining questions
include: Given the limited supply and a general allocation
rule, what are the retailers’ equilibrium order decisions? More
importantly, is inventory transshipment beneficial to all retail-
ers? If not, how can a retailer determine whether to participate
in an inventory transshipment contract would benefit himself?
Can the retailers be coordinated?

In this paper, we attempt to answer the above research ques-
tions by studying two decentralized retailers who place orders
to a capacitated supplier before observing their stochastic
demand and conduct inventory transshipment after demand
uncertainty is resolved. Unlike the unlimited supply case in
which the existence and uniqueness of the Nash equilibrium
is guaranteed, we find that when the supply is limited, a
pure Nash equilibrium only exists under certain conditions,
and may not be unique, due to retailers’ competition for
the supply and cooperation through inventory transshipment.

Furthermore, with the existence of the equilibrium, we inves-
tigate the benefit of inventory transshipment under the limited
supply by comparing each retailer’s equilibrium profit with a
baseline—the equilibrium profit of the game with the same
supply but without inventory transshipment. An important
finding is that only one of the retailers, but not always both,
is guaranteed to be better off. In other words, inventory trans-
shipment do not necessarily benefit both retailers when the
supply capacity is limited. A retailer can check certain condi-
tions, provided in this paper, to know whether he will be better
off and accordingly, decide whether to participate in inventory
transshipment before placing orders. Following these condi-
tions, we show that inventory transshipment can benefit both
retailers only in certain scenarios, for example, when each
retailer receives his preferred amount or a larger allocation
of the supply than that in the baseline game. However, if a
retailer receives lower equilibrium inventory than that in the
no-transshipment baseline game due to supply competition,
he will unlikely meet his demand and consequently, lose profit
that could have been generated by more initial inventory. In
this scenario, if this profit loss is not fully recovered through
inventory transshipment, this retailer will become worse off.
We find that the retailers’ demands and cost structures play
important roles in this new finding. In particular, our numer-
ical study indicates that the transshipment prices affect the
allocation of transshipment profit and thus should be carefully
determined to make sure that inventory transshipment always
benefits both retailers. To achieve this goal, we provide a coor-
dinating mechanism, by allowing the transshipment prices to
be negotiated by the retailers, to ensure that both retailers are
better off and the total retailer profit is maximized at the Nash
equilibrium.
The main contributions of this paper are as follows.

1. This paper provides retailers with profit-
maximizing order and inventory transshipment
strategies in a realistic yet less studied scenario of
limited supply capacity. Specifically, we explicitly
characterize the Nash equilibrium orders of two
retailers. Moreover, we suggest that a retailer should
check certain conditions derived in this paper to
determine whether participating in inventory trans-
shipment indeed benefits himself. Analysis and
obtained results throughout this paper are applica-
ble to asymmetric retailers facing general stochastic
demands and a broad class of capacity allocation
rules.

2. This research reveals new managerial insights into
the benefit of inventory transshipment in capaci-
tated decentralized supply chains. When supply is
limited, one of the retailers will be better off but both
may not. The predetermined transshipment prices
are identified as an important cause. A coordinating
mechanism is designed to ensure that both retail-
ers benefit from inventory transshipment and to
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maximize their total profit if a first best supply chain
outcome is desired.

3. This research provides a modeling platform for
investigating a broad spectrum of supply chain
decisions involving inventory transshipment and
limited supply capacity. Among the first to con-
sider such problems, this paper develops extendable
analytic tools for further analyzing how inventory
transshipment and limited supply affect retailers’
decisions and the supply chain performance in more
general environments. The two-newsvendor model
and its insights in this paper may serve as baselines
in comparison with other related problems.

The rest of this paper is organized as follows. Section 2
reviews relevant literature. Section 3 introduces the proposed
game model of two newsvendors with inventory transship-
ment under limited supply. Section 4 provides game-theoretic
analysis and an illustrative example. Section 5 investigates
how the limited supply capacity impacts the benefit of inven-
tory transshipment. Section 6 proposes a coordinating mech-
anism. Section 7 concludes the paper. All proofs are in the
Appendix A. Extended discussion can be found in Appen-
dices B to F.

2 | RELATED LITERATURE

This paper is closely related to two streams of literature:
inventory transshipment and capacity allocation. The vast
majority of literature on inventory transshipment assumes
unlimited capacity of the supplier which allows the retailers
to stock freely the desired amounts of inventory. Those that
investigate the inventory decision and profit-related benefit
of retailers in a decentralized supply chain are most relevant
and thus reviewed in this section. Readers are referred to
Paterson et al. (2011) and Huang (2013) for more comprehen-
sive reviews on inventory transshipment. On the other hand,
research on capacity allocation tends to consider retailers that
are monopolies or are involved in demand competition, rather
than inventory transshipment.

Rudi et al. (2001) consider the inventory decisions of two
retailers who conduct inventory transshipment after their
stochastic demand is realized. They show that a Nash equi-
librium exists and is unique for two decentralized retailers,
and by comparing with the centralized first-best inventory
levels, they investigate the possibility of using the predeter-
mined transshipment prices to coordinate the retailers. Hu
et al. (2007) provide sufficient and necessary conditions for
such coordinating transshipment prices to exist. They allow
each retailer to have uncertain yet independent capacities, and
in subsequent studies, Hu et al. (2008) establish the retail-
ers’ joint inventory and transshipment policies in a centralized
system and Chen et al. (2015) simplify the analysis with
L¥—convexity. Rong et al. (2010) consider two decentralized

retailers who transship inventory between two demand sub-
periods and show that a coordinating transshipment price
does not exist. Relaxing the setting of fixed transshipment
prices, Hezarkhani and Kubiak (2010) design a coordinating
contract which induces the decentralized retailers to negotiate
a transshipment pricing mechanism that lead to maximizing
their total profit at the Nash equilibrium of inventory levels.
Hanany et al. (2010) design a transshipment fund mechanism
for coordinating the system by introducing a third-party that
facilitates the redistribution of transshipment profits. Zhao
and Atkins (2009) find that the transshipment price is an
important factor (along with retailer differentiation) for a
retailer to decide whether he prefers inventory transshipment
or demand substitution. Including the manufacturer in the sys-
tem, Dong and Rudi (2004) show that the manufacturer can
benefit when dealing with centralized retailers who conduct
inventory transshipment. Moreover, Shao et al. (2011) show
that the manufacturer prefers a higher transshipment price
and dealing with centralized retailers, whereas the decen-
tralized retailers prefer a lower transshipment price. Lee and
Park (2016) consider two identical retailers who are supplied
by a single supplier with uncertain capacity and show that
the existence of coordinating transshipment prices is further
limited due to the uncertain supply capacity.

Besides the transshipment price, other allocation methods
to distribute the profit generated by inventory transshipment
are studied. Anupindi et al. (2001) consider a general trans-
shipment system of multiple retailers and use a centralized
transportation problem to determine the transshipment pat-
tern. They propose to use the optimal dual solutions of this
transportation problem to allocate the profit of transshipment
and prove that the retailer profits allocated by this rule is
in the core of the cooperative transshipment game. Granot
and Sosi¢ (2003) find that under the dual allocation rule, if
retailers have the option of deciding the portion of surplus
inventory and excess demand to share, they may tend to hold
back or even not to share their surplus inventory at all. Nev-
ertheless, Huang and Sosi¢ (2010a) find that if the inventory
transshipment game is repeated in infinitely many periods,
the retailers should share all residual inventory and demands.
Moreover, Huang and Sosi¢ (2010b) compare the dual alloca-
tion and transshipment price and find that neither allocation
method dominates the other.

The most relevant literature on capacity allocation includes
those on the retailers’ strategic ordering behaviors and the
supply chain performance under different allocation rules.
Lee et al. (1997) show that the retailers tend to inflate their
order quantities knowing that the supplier’s capacity is uncer-
tain, which contributes to the bullwhip effect. Assuming
each retailer is a local monopoly with linear price-dependent
demand, Cachon and Lariviere (1999a) show that propor-
tional and linear allocation rules are manipulatable that lead
the retailers to inflate their orders. Uniform allocation, on the
other hand, is a “truth-telling” rule that eliminates the order
inflation. Nevertheless, Cachon and Lariviere (1999b) show
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that the truth-telling rules can lower profits of the supplier,
the retailers and the supply chain. The supplier can choose a
higher level of capacity under a manipulable allocation rule
than under a truth-telling rule. When the retailers are involved
in demand competition, Liu (2012) shows that uniform allo-
cation becomes manipulatable and subsequently, Cho and
Tang (2014) propose a truth-telling “competitive allocation”
rule. We refer the readers to Lariviere (2010) for a concise
review of capacity allocation.

This paper considers two decentralized retailers who are
faced with the limited capacity of their common supplier
and conduct inventory transshipment after the demand uncer-
tainty is resolved. With optimal ordering strategies and the
Nash equilibrium derived for the retailers, we investigate one
of the fundamental questions of inventory transshipment: Will
the retailers be better off, at the Nash equilibrium of ordering
decisions with transshipment, than what they would be with
no transshipment? To the best of our knowledge, this inven-
tory transshipment game with limited supply has not been
studied in the literature. Furthermore, we propose a transship-
ment price-based coordinating mechanism to maximize the
retailers’ total profit.

3 | MODELS

We consider two newsvendor-type retailers who purchase
a product from the same supplier before their stochastic
demands are realized. The supplier has limited capacity K > 0.
If the total order quantity of the newsvendors exceeds K, the
supplier will allocate her capacity to the newsvendors by an
inventory allocation rule. Let the newsvendors be indexed by
iandj with i, j = 1, 2 and i #j. Denote newsvendor i’s order
quantity by y; > 0 and the inventory allocation he receives by
x; >0.Lety = (y1,y2) and X = (x1,x2). The inventory alloca-
tion rule is defined as a continuous function ¢ that assigns an
inventory allocation vector x to each order vector y. Denote
X =@y) = (@11, 2), @2(2, y1)). We assume that ¢ satisfies
the following conditions:

(I) (Feasible condition) @1(y1,y2)+ @2(y2,y1) <K
and 0 < @;(y;, y) <yifori,j=1,2,i#j.

(II) (Efficient condition) If y;+y;<K, then
@i, yy) = yifori, j=1,2,i#) If yi +y: > K,
then @1(y1,y2) + 92002, y1) = K.

(IM) (Increasing condition) ¢;(¥:,y;) > @i(y;,y;) for all
’}71' > Vi andyj, i,j= 1, 2, l;ﬁ]

(V) (Individually responsive condition) If
0<@(yi,y) <K and y; > y;, then (5, y;) >
@) forinj = 1,2, i#).

(V) (Fair condition) If y; > y;, then @;(y;, y;) = @;(;, yi)
fori,j=1,2,i#j.

Conditions (I)-(IV) are adopted from Cachon and Lariv-
iere (1999b). Condition (I) requires that the total inventory
allocated is no more than the available supply capacity and

a newsvendor cannot receive more than his order quantity.
Condition (IT) ensures that no supply capacity is wasted. Con-
dition (III) guarantees that a newsvendor never receives less
by ordering more. Condition (IV) means that if a newsvendor
receives a positive allocation and orders more, he will def-
initely get more unless he has already been allocated all of
the capacity. Condition (V) means that whoever places a
larger order receives a larger portion of the supply. Com-
monly used rules that satisfy the conditions (I)—(V) include
the proportional rule

Vis ify; +y <K,
@iy, yj) = {

- K, ify;+y > K.

YitYj

and the linear rule when y; <K, i =1, 2,

Yis ifyi +y; <K,
(ﬂi(yt,yj)={ l yity,—K L

yi—T, ifyi+yj>K.

We point out that an allocation rule satisfying conditions
D-(V), as we will see in Section 4, is not “truth-telling” in
the sense that it induces the gaming effect between newsven-
dors: they tend to inflate their orders so as to receive larger
allocations. This is largely due to the individually respon-
sive condition (IV). Nevertheless, we keep this condition for
two reasons. First, it is unclear if there exists a truth-telling
allocation rule that can eliminate the gaming effect due to sup-
ply competition in our model. Known truth-telling rules such
as uniform allocation rule (Cachon and Lariviere, 1999a,b)
and competitive allocation rule (Cho and Tang, 2014) are
only proved to eliminate the gaming effect of two retailers
in a Cournot competition. The newsvendors in this paper
face exogenous stochastic demands and extra complication
in ordering decisions due to inventory transshipment. Sec-
ond, the existence and characteristics of a truth-telling rule
are not among the research questions in this paper. Actually,
we intend to investigate the gaming effect of capacity allo-
cation and its interplay with inventory transshipment on a
newsvendor’s decision-making.

The sequence of events is illustrated in Figure 1. The sup-
plier announces the supply capacity K and the inventory
allocation rule ¢ before the newsvendors place orders. Hence,
K and ¢ are exogenous for the newsvendors. The newsven-
dors are not allowed to place arbitrarily large orders. Without
loss of generality, we assume that the order limit is K for each
newsvendor. Setting unequal order limits does not invalidate
the results of this study (see Appendix B).

The newsvendors pay unit wholesale prices w; for the
received inventories and sell to customers at retail prices r;,
i = 1, 2. We assume that the customer demand is stochas-
tic and continuously distributed. Let D; denote the demand of
the newsvendor i with a cumulative distribution function Fp,
known to both newsvendors. Assume Fp, is strictly increas-
ing in the support of D;. Similar to Rudi et al. (2001), D,
and D, are not required to be mutually independent. After
the demands at both newsvendors are realized, inventory
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FIGURE1 Sequence of events in Model NTL [Colour figure can be viewed at wileyonlinelibrary.com]

transshipment takes place. That is, if the newsvendor i has
unsatisfied demand and the newsvendor j has surplus inven-
tory, then the newsvendor i will purchase inventory from
the newsvendor j at a transshipment price c; and sell at r;.
(The subscript ji indicates that the surplus inventory is trans-
shipped from j to i.) Without loss of generality, we assume
that the newsvendor j incurs a unit cost of #; for handling and
shipping the surplus inventory transshipped from j to i. In a
single-period setting, leftover inventory at the newsvendors
will be disposed at salvage values s; and s;, respectively. In
this model, w;, r;, s;, ¢ and t;, i, j = 1, 2, i #J, are exoge-
nous for both newsvendors and their relations are assumed
as follows. Extension to endogenous wholesale prices and
supplier’s decision is in Appendix D.

Assumption 1  Assume that the price param-
eters wi, 1y, s, ¢ij and tj, I, j = 1, 2, i #j satisfy
the following conditions:

)]
2
3)
“4)

ri>w;>si,i=1,2;

r,-Zcﬁ2sj+tj,-, i,j= 1,2,175‘],

> cp =12, i4j;

wi <wj+1ji, $;i <S8j+ 1 Cll’ld}”[<rj+lj,',
ij=1,2,i#].

Condition (1) is the basic assumption of the newsvendor
model. Condition (2) ensures that each newsvendor receives
a nonnegative portion of the profit generated by inventory
transshipment. Condition (3) implies that a newsvendor pri-
oritizes his customer over the other newsvendor. Condition
(4) indicates that inventory transshipment occurs only when
one newsvendor has excess demand and the other has surplus
inventory (Tagaras, 1989).

To clearly unveil the effect of inventory transshipment, we
assume that the transshipment prices ¢; and c;; are prede-
termined and exogenous. This setting is adopted from Rudi
etal. (2001) and motivated by the fact that it is seen in practice
including car dealership, maritime industry and railroad and
motor industry (see Zhao and Atkins, 2009; Shao et al., 2011,
and references therein). In this way, each unit of transshipped
inventory from j to i generates an extra profit of r; — t; — s; out
of which the newsvendor i receives r; — c¢;; and the newsvendor
J receives ¢j; — tj; — ;. Such allocation of transshipment profit
is convenient for implementation and in certain scenarios
(Huang and Sosi¢, 2010b) works better than other profit allo-
cation methods, for example, dual allocation. Moreover, a pair
of carefully set transshipment prices may also coordinate the
newsvendors (Hu et al., 2007). We keep this setting through-
out this paper except in Section 6 where the newsvendors are

allowed to determine the transshipment prices in a suggested
coordinating mechanism.

Both newsvendors are assumed to have perfect informa-
tion, and they are rational with respective objectives to
maximize their own profits by deciding order quantities uni-
laterally and simultaneously. We call this noncooperative
game Newsvendor game with inventory Transshipment under
Limited supply (Model NTL). We also consider two variants
of the game. The first is Newsvendor game under Limited
supply (Model NL) in which inventory transshipment is not
allowed and the supply capacity remains limited. We will use
this as a baseline case to study the benefit of inventory trans-
shipment in Section 5. The second is Newsvendor game with
inventory Transshipment (Model NT) in which the supply
capacity is unlimited. This model has been well studied in lit-
erature. We will use some existing results of Model NT in the
analysis of Model NTL in Section 4. Extension to multiple
newsvendors is discussed in Appendix F.

4 | ANALYSIS

The supply capacity constraint and the inventory transship-
ment may complicate a newsvendor’s ordering strategy due
to their opposite effects. Generally, inventory transshipment
may lower a newsvendor’s order quantity by pooling his risk
with the other newsvendor. On the other hand, competition
for the limited supply may induce a newsvendor to increase
his order. In this section, we investigate newsvendors’ opti-
mal decisions and the Nash equilibrium in Model NTL. We
begin with Model NL and Model NT because they demon-
strate the individual effects of limited supply and inventory
transshipment separately.

4.1 | Order decisions and equilibrium in model NL

Consider newsvendor i. Let ;(x;) denote the classic newsven-
dor profit function with respect to his inventory level x;.
That is, 7;(x;) = —wx; + r;E[min{D;, x;}1+ s;E[(x; — D;)*]
where E[:] is the expectation of a random variable and
()" = max{-,0}. We know that ;(x;) is concave in x; and

reaches its maximum at x* such that Fp,(x*) = % if sup-

s

ply is unlimited. In the presence of supply capacity constraint,
however, newsvendor i’s profit depends not only on y; but y;.
We use Hl.L(y,-, ¥j) = m{(@i(yi»y;)) to denote the expected profit
of newsvendor i when he orders y; and newsvendor j orders
¥;. By the increasing condition (IIT) of ¢ and the concavity
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TABLE 1 Equilibrium orders and inventory allocation in Model NL

Case

K> x| +x]

K =xj+x;

K<xi+x3 x”l‘<§
x§<§

Sk ok K
min{x],x3} > 3

of m;(x;), HiL(y,-, ¥;) is quasi-concave with respect to y; for any
given y;.

The best response function Rl.L(yj) is defined as newsven-
dor i’s optimal order quantity that maximizes Hl,L(yi, y;) if
newsvendor j orders y;. If x +y; < K, newsvendor i simply
orders x?. If x + y; > K, he tends to increase order quantity
to receive x7 or as close to x as possible. More specifically,
if xf < @i(K,y;) which is the maximum amount of inven-
tory that newsvendor i can receive, then RiL(yj) should satisfy
(p[(Rf(yj),yj) = x!. To better characterize this, for given x;
and y; such that x; < @;(K,y;), let w;(y;| x;) denote the solu-
tion to @;(y;,y;) = x; with respect to y;. Such y;(y;| x;) exists
thanks to conditions (II) and (IV). Lastly, if x7 > @i(K, y;),
then newsvendor i orders K which is the largest order allowed.
Summarizing the analysis above, we have

x¥,

! if y; + xl?* <K,
RI) = qwiylx), if K —y; <x* < @K, )),

K, if)c;k > @i(K,y)).

A pair of orders (y1, y») is a Nash equilibrium of Model NL
if yi = RL(y) and y, = RL(y)). There exists a Nash equi-
librium of orders in Model NL because for each newsvendor,
the decision space [0, K] is compact and the profit func-
tion is quasi-concave and continuous (see Fudenberg and
Tirole, 1991, Theorem 1.2). The equilibrium orders y"* * and
the resulted inventory allocation x¥ & = ¢(y" ) can be cal-
culated by checking Ri(y;) and Ri(yy). The calculation is
straightforward and we list the results in Table 1. We see
that a newsvendor tends to inflate his order quantity, by gam-
ing the allocation rule, with the goal of receiving his optimal
inventory level x*. The newsvendor with the smaller optimal
inventory level (x! < g) is favored because his inflated order
quantity is less likely to be restricted by the order limit K.
The Nash equilibrium of orders y»© is unique except when
x} + x5 = K. Nevertheless, the inventory allocation xMLoat
the Nash equilibrium is always unique regardless of K.

4.2 | Existing results of model NT

In Model NT, the supply is unlimited and thus, x = y. Let
niT(x,-,xj) denote the expected profit of newsvendor i with
respect to inventory decisions x; and x;. That is,

m] (i, %)) = —wix; + riE[min{D;, x;}] + s;E[(x; — D;)"]

gL XML
535 53.59)
0Ly x).x7 <y <K (1, x3)
(w1(Kx7), K) (], K —x7)
(K, ya(K|x3)) (K —x3,x3)
wn ()

+ (¢i; — tij — s)E[min{(x; — D))", (D; — x)*}]
+ (ri — ¢;p)E[min{(D; — x)*, (x; - D))* }]

where the fourth term is the extra profit of transshipping
inventory to the newsvendor j, and the fifth term is the
extra profit of receiving inventory from the newsvendor j and
selling to customers.

Rudi et al. (2001) prove that ﬂiT(xi,xj) is concave in x; and
there exists a unique Nash equilibrium of inventory deci-
sions in Model NT. The newsvendor i’s best response Rl.T(xj)
decreases in x;, which is opposite to the increasing Rll.‘(yj) in
Model NL. This indicates that inventory transshipment and
the limited supply have different effects on a newsvendor’s
order decision. Coordination between the newsvendors in
Model NT, which means that the equilibrium x* 7 maximizes
their total profit, can be achieved if transshipment prices are
properly set under certain conditions (Hu et al., 2007).

4.3 | Order decisions and equilibrium in Model NTL

In Model NTL, a newsvendor’s ordering strategy becomes
more complex than a hybrid of that in Model NL and Model
NT. Let l'[iTL (vi»y;) denote the expected profit of newsvendor
i with respect to order quantities y; and y;. That is,

7 (i, yp) = 7! (@i0is ) 0507 ¥1)

|

The newsvendor i seeks his optimal y; that maximizes
7% (y;, y,). Unlike Model NL and Model NT, I *(y;, y;) is
not necessarily quasi-concave for any given y;. This is because
when the supply is fully allocated, the profit n[.T(x,-, K —x;) may
not necessarily be quasi-concave in x; under the most general
settings of price parameters and demand distributions. Nev-
ertheless, we observe that niT(xi,K — X;) is quasi-concave in
most experimental instances that we tested (see Appendix C).
In general, there is no easy condition that separates the price
parameters and demand distributions for the quasi-concavity
check of ﬂiT(x,-,K — x;). Nevertheless, we provide a special
case below in which ﬂiT(x,-, K — x;) is not only quasi-concave,
but actually concave.

7 (@i y). K = 0i(yiyp),  ifyi +y; > K.

Proposition1  Ifboth D; and D; are uniformly
distributed in [0, u] with u>K, and the price
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. ri—=s;
parameters satisfy Cij—1lij—$ < % <cji—Si

then ﬂiT(x,-, K — x;) is concave in [0, K].

In this special case, we consider uniform distributions with
an upper bound no less than K as a possible scenario where
the supply capacity is limited compared with the demand. To
interpret the condition ¢;; — t;; — §; < % < ¢ji — sj, firstly
we note that ¢;; — t;; — s; is the share of transshipment profit of
each unit of surplus inventory from newsvendor i to newsven-
dor j. Secondly, cj; — s; is newsvendor i’s net risk of each unit
of inventory transshipped from newsvendor j to newsvendor
i because if newsvendor i buys a unit from newsvendor j but
fails to sell, then newsvendor i pays the transshipment price
¢ji and only receives a salvage value s;. Thirdly, r; —s; repre-
sents the net market value of the product (retail price r; with
the salvage value s; subtracted). Therefore, if we view %
as a threshold, the meaning of the condition ¢;; — #;; —s; <

ri—s; —
2
that newsvendor i’s share of transshipment profit of inventory

from i to j is not too high; and (b) ¢;; —s; > % which means
that the net risk of newsvendor i buying inventory from j is
not too low. Collectively, this means that newsvendor i does
not dominate newsvendor j in the inventory transshipment
in terms of profit allocation and transshipped amount. Fur-
thermore, if the condition also holds for newsvendor j, then
neither newsvendor would dominate the other and they should
hold relatively fair positions in the game.

In the remainder of this paper, for technical tractability, we
assume that niT(x,-, K —x;) is quasi-concave in 0 <x; <K.Fora

< ¢ji —s; is twofold: (a) ¢;; — 1;; —s; < % which means

given K, suppose xﬁ” K maximizes ﬂiT(x,-, K—x)in0<x;<K.
That is, if supply is fully allocated, the newsvendor i prefers
that he receives x?/l K We show that under certain conditions,
17" (y;, yy) is quasi-concave in y;.

Proposition 2 Given supply capacity K,
newsvendor i’s expected profit function
HiTL(yi,yj) is quasi-concave in y; for any given
0 <y; <K under the following two conditions:

@)) ziT(xi, K — x;) is quasi-concave in
0<x;<K; "
@ r=c; Pr(D+D; <K< +D))

cy—ty=s; — Pr(xM"*+D;<k<D+D))’

We offer two interpretations of Condition (2). First, notice
that r; — ¢j; is newsvendor i’s share of transshipment profit of
each unit inventory from j to i, and c¢; — t;; — 5; is newsvendor
i’s share of transshipment profit of each unit inventory from
i to j. Then the condition means that the ratio between these
two shares should be no less than a threshold. The threshold
is the ratio of two probabilities at x; = xi.w’K X =K — xﬁ” X
Pr(D;+D; < K < xﬁ” *4D;) is the probability that newsvendor
J has residual demand and this residual demand can be fully
satisfied by surplus inventory from i to j; and Pr(x?“( +D; <
K < D;+ D)) is the probability that newsvendor i has residual
demand and all of newsvendor j’s surplus inventory is trans-
shipped to i to (partially or fully) satisfy this residual demand.

Note that this ratio is not necessarily greater than 1, which
means the condition is not requiring r; — cj; > ¢;; — t;; — s;. Sec-
ond, Condition (2) is equivalent to xf,w’K < RiT(K - xﬁ”’K).
It means that, in response to newsvendor j’s order quantity
K — xf.”’K , newsvendor i’s best decision, xﬁu’K , becomes less
than RiT(K - xﬁW’K) which is his best decision if the sup-
ply was unlimited. In this sense, the limited supply restricts
newsvendor i’s best decision.

Conditions (1) and (2) in Proposition 2 are general con-
ditions involving price parameters and their relation with
demands of the newsvendors. While we observe that they
usually satisfied in numerical experiments, we keep their gen-
eral form for theoretical rigorousness. In the remainder of the
paper, we assume that these two conditions hold.

Subsequently, newsvendor i’s best response can be charac-
terized. For any y; placed by the newsvendor j, the newsvendor
i finds his optimal order by considering his best response
RiT(yj) in the unlimited-supply case, his preferred allocation
xﬁW’K and the order limit K. Specifically, if RY (y;)+y; < K, then
newsvendor i simply orders RY (). If R (y;)+y; > K, he needs
to compare K —y; and xﬁ”’K K -y > xi”’K which means
that competing for more inventory only leads to less profit,
then he orders K —y;. If K —y; < xj” K then he will increase
his order to wi(yile.”’K) so that he can receive xﬁW’K , unless
x?“( > @i(K,y;) in which case he orders the largest quantity
allowed, K. To summarize the analysis above, we have

R (),
K - yj,

if yj + RI (o) < K,
if y; + R! (y;) > K and
4y <K,
if y; + RY (y;) > K and
K —y; <2 < pi(K, ),
K, if y; + R! (yj) > K and
> (K. ).

RO = [y 135,

Furthermore, by Proposition 2, there exists a Nash equi-
librium of orders. To characterize this equilibrium y"- - and
the resulting xV- X, we need the next result. Denote K =
lev Ty x]ZV’T where xV- T is the Nash equilibrium in Model NT.

Proposition 3  Under the same conditions in
Proposition 2, we have

(1) There exists K? such that xiw’K = K when
K < K? and xﬁ”’K < K is non-increasing in
K whenK > K, i=1,2;

(2) There exists K such that K = xllw’K + x;W'K;

3) K<K.

Result (1) in Proposition 3 implies that when the supply
capacity is relatively small (no more than a threshold K?),
newsvendor i wishes to take all available supply because it
is highly unlikely that newsvendor j will have any surplus
for transshipment and newsvendor i should possess inven-
tory as early as possible. When supply capacity is relatively
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TABLE 2  Equilibrium orders and inventory allocation in Model NTL
Case yV 1L XN TL
K>R W) @A)
LS max (4", K =) <y <min(K -5y o TR
NTL NTL
v, =K-y
K=K (yll\"TLaWz(yllv'TLl ngl,K))’ lew.K < y}l\/.TL <K ( leu,K’ xf‘K)
K<k <K Wi (K1), K) 0" K =)
Ht <3 L) (K 2", 2")
min{x’IWK,xgl’K} > % (K, K) (%*%)
TABLE 3  Equilibrium analysis of Example 1
K xM. K xb K xVT Case yN-TL s Unique?
9 (6.09,3.82) (6.42,4.20) (6.19,3.97) K <K (9.00,6.64) (5.18,3.82) Yes
10 (5.80,1.33) (6.23,4.00) (6.19,3.97) K<K<K 6.00 < y\'™" < 6.23 [CARRSAS! No
yIZV.TL —10 _y}l\/.TL
12 (5.06,0.00) (5.75,3.27) (6.19,3.97) K>K (6.20,3.96) (6.19,3.97) Yes

large (more than K?), newsvendor i prefers to push more ini-
tial inventory, and thus overstocking risk, to newsvendor j and
uses inventory transshipment to satisfy newsvendor i’s own
demand after demand is realized.
Now we derive the Nash equilibrium of orders. When K is
very small, each newsvendor wants all supply and we have
MK MK — K. Therefore, yV- L = (K, K) is the unique

X 1 = .X'2
Nash equilibrium and xV'7% = (%, g) As long as K < K,
both newsvendors inflate their orders with aim to receive their

. . . o e . MK K N.TL
desired inventories. Specifically, if x7 " < > then y.”

MK NTL MK. .0 MK _ K N.TL
wi(K|x;") and X, 7 = X705 if X ’
NTL _ g _

> 2 then y;
and x.
1
— N, TL MK
K=K, anyy such that x;" <y

o)

same X

>

x;”’K. Both y¥- % and x"-* are unique. If

N,TL < K and y;V,TL

|ij Kyisa equilibrium and they all correspond to the

MK MK
NTL _ K

K < K, best responses of the newsvendors overlap which lead
to infinitely many Nash equilibria yV- 7% with max {x""*, K —
)?](,K} < ygv,TL < min{K _)l/iu,K’xl(,K} and y][y,TL - K _ygV,TL’
where xf’K satisfies xll.’K = Rl.T(K —xf ) representing the inter-
section of RY (x;) and x; +x, = K. In this case x"- - = yV- 7L,

). As K increases to the range of K <

Finally, when K > K, the supply is sufficient for both
newsvendors. Then the unique Nash equilibrium of orders
is yV L = xV'T with inventories x> T* = yM- 7L, The above
analysis is summarized by the next theorem and Table 2.

Theorem 1  Under the conditions in Proposi-
tion 2, Nash equilibrium of orders exists. There
exists a unique Nash equilibrium if and only if
K <KorK > K. There exist infinitely many

Nash equilibria if and only if K < K < K.

From Table 2 we see that a newsvendor tends to inflate his
order quantity with the goal of receiving his optimal share

of the supply capacity, namely xjw X The newsvendor with
the smaller optimal share (xf.w’K < %) is favored because
his inflated order quantity is less likely to be restricted
by the order limit K. Moreover, the equilibrium inventory
allocation x"- 7L is unique unless K < K < K. The
uniqueness/non-uniqueness of Nash equilibrium indicates the
relative significance of the gaming effects caused by limited
supply and inventory transshipment. When the supply capac-
ity is low (K < K), both newsvendors have a high priority
to secure inventory because there may not be enough sur-
plus inventory for transshipment. Consequently, they tend to
inflate their orders the same way as in Model NL. When the
supply capacity is high (K > K), competition for the lim-
ited inventory is not highly necessary. The newsvendors may
safely order the unique Nash equilibrium x> in Model NT.
When K <K < K, neither the competition for limited supply
nor the risk-pooling via inventory transshipment can dom-
inate the newsvendors’ decision-making, and consequently,
infinitely many Nash equilibria exist.

We close this section by the following illustrative example.

Example 1 Letw, =w, =4, r, =r, =6,
st =8 =1,tp =11 =25, cp=cn =4
The demands of the newsvendors are mutu-
ally independent, both uniformly distributed
with D; ~ U[4, 10], D, ~ U[0, 10]. Assume the
proportional allocation rule is used. Table 3
presents the analysis of three capacity levels
K =9,10,12. The best responses of newsvendors
in Model NT and NTL are plotted in Figures 2 to
5. Nash equilibrium is also marked. We see the
order inflation phenomenon when K = 9. When
K = 10 multiple Nash equilibria exist, which
is not possible when the supply is unlimited.
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FIGURE 2 Example 1: K =9 [Colour figure can be viewed at wileyonlinelibrary.com]

When K = 12, the supply is sufficient for the
newsvendors to place the Nash equilibrium in
Model NT.

5 | BENEFIT OF INVENTORY
TRANSSHIPMENT

Undoubtedly, inventory transshipment always benefits both
newsvendors when the supply is unlimited. Intuitively, trans-
shipment provides a second chance for each newsvendor to
continue satisfying his demand and therefore, to generate
more profit. To see this, one can compare the Model NT and

the classic newsvendor model and note that nT(xN T, N, T) >

Z.T(xl., X; ) > Jri(x;"). In this section, we investigate Whether
this remains true under the limited supply by comparing
Model NTL and the baseline Model NL. Throughout this
section we assume that the Nash equilibrium of orders in
Model NTL is unique, which means K < K or K > K. The
results remain valid for multiple Nash equilibria case (see
Appendix E).

If the newsvendor i has a higher profit at the Nash equi-
librium of Model NTL than that of Model NL, that is,
HTL(yNTL NTL) > HL(yNL jNL) he is considered to be
better off and in this sense, inventory transshipment bene-
fits the newsvendor i. In Model NTL, there are four possible

cases of the allocated inventory xﬁv L

TL K
rium is unlque .XN = 3

NTL M.K
.Xl = X

when Nash equilib-
when both newsvendors order K;

when the newsvendor i receives his preferred

NTL
=K -

allocation; x; ¥ when the other newsvendor j

TL
receives preferred allocatlon and xN x T when the sup-

ply is sufficient to satisfy the equlhbnum orders of Model
NT. In Model NL, there are three cases of xN L. 5“ = g,
ﬁv ey xj and xi = xl. . The next theorem characterizes
the scenarios when the newsvendor i is better off.

Theorem 2
o5y if

(\

TL NTL _NTL
ETORRRAS

NTL N, T

1 X =x;,or
NTL MK

ii X =x",or
NTL N

iii X; >Xx.7.

i

Theorem 2 allows the newsvendor i to check his equilib-
rium inventory allocation xﬁv L in order to assess the benefit
of inventory transshipment. Scenario (i) occurs when the sup-
ply capacity is large enough for the retailers to receive xV- T of
Model NT. Similar to the unlimited supply case, the newsven-
dor i becomes better off. Scenario (ii) implies that the limited
supply is allocated such that the newsvendor i maximizes
his own profit in Model NTL, which makes him better off.
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Scenario (iii) refers to two cases of equilibrium inventories:
X?I,TL _ X;V,TL _ 1% or xiV,TL - K- x;l/I,K’ x;V,TL _ x]{ll,K.
Intuitively, if the newsvendor i receives no less inventory
allocation than in Model NL, that is, xﬁ.v TL > xﬁv ’L, he may
have a higher chance of meeting his own demand and surplus
inventory for transshipment and consequently, be better off.
In these three scenarios, the newsvendor i prefers to partici-
pate in inventory transshipment. However, Theorem 2 leaves
out the cases x;V’TL = ATE = % < x;V’L and xjv’TL =
K — MK < xl.V’L,xI.V’TL =
ysis is] necess;ry b]efore the newsvendor i can assess whether
inventory transshipment is beneficial. Note that to directly for-
mulate the cases in Theorem 2 with model parameters can
be extremely complex because x> 71, xV- T
the model parameters in a collective manner (first-order con-
ditions of profit functions). Actually, a less complex task of
comparing xf.v T and x; demands tedious analysis (Rudi et al.,
2001).

Inventory transshipment requires at least two participants.
Knowing whether and when both newsvendors will bene-
fit from inventory transshipment in Model NTL may lead to
better mechanism design that motivates them to participate.
Following Theorem 2, we have the next two results. More-
over, Table 4 shows which newsvendor is guaranteed to be
better off in any given scenario of equilibrium inventory x"- 7%

of Model NTL and x"- £ of Model NL.

MK
X For these cases, further anal-

and xV- L involve

Proposition4  Af least one newsvendor is bet-
ter off in Model NTL than in Model NL.

Proposition 5 Both newsvendors are better
off in Model NTL than in Model NL if

1) xMNTL=xNT or
(>ii) x;v’TL = xﬁw’K and X"t = K —x?/[’K > le.v’L
fori=1,j=2o0ri=2,j=1,o0r
(i) " = ’5‘ >\ fori=1,2.

We see that inventory transshipment only can benefit one
newsvendor for sure. Proposition 5 implies that both newsven-
dors can benefit when (i) the supply is large enough, or (ii)
one newsvendor receives his preferred allocation and the other
newsvendor gets more inventory than in Model NL, or (iii)
the supply is scarce and both newsvendors receive no less
than in Model NL. Otherwise, one newsvendor could become
worse off with inventory transshipment under limited supply,
as illustrated by the following example.

Example 2 Consider an instance with
w1 =W2=9,r1 = 10.5,r2= 10,S1 =S5 = 1,
to =51t =3, co=7¢1=9, D ~U[4,
18], D,~U[2, 9] and K = 8. In Model
NL, xT = 6.21 and x; = 2.78. There-
fore, y¥'I = (8,4.26) and xV'% = (5.22,2.78)
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TABLE4 Newsvendor(s) guaranteed to be better off in Model NTL than in Model NL

N, L

"

(%, %) (x K- x*) (K —x;‘,x;) (x;‘,x;‘)
XV T (5.%) 12 1 2 argmin(x;, x})
(CHN ST 1 1 1 1
(K - xMK,xlzw ) 2 2 2 2
[CARIEAD 1.2 12 1.2 1.2
TABLE 5 Equilibrium profits in Example 2 as transshipment prices vary
Model NL Model NTL
6 c12 ¢ It I 143 e mr mrt
0% 6.00 10.50 7.33 2.39 9.72 6.00 3.20 9.20
10% 6.40 9.85 7.33 2.39 9.72 6.18 3.02 9.20
20% 6.80 9.20 7.33 2.39 9.72 6.68 2.86 9.54
30% 7.20 8.55 7.33 2.39 9.72 7.09 2.76 9.85
40% 7.60 7.90 7.33 2.39 9.72 7.29 2.69 9.98
50% 8.00 7.25 7.33 2.39 9.72 7.41 2.63 10.04
60% 8.40 6.60 7.33 2.39 9.72 7.50 2.57 10.07
70% 8.80 5.95 7.33 2.39 9.72 7.58 2.52 10.10
80% 9.20 5.30 7.33 2.39 9.72 7.64 2.48 10.12
90% 9.60 4.65 7.33 2.39 9.72 7.70 2.43 10.13
100% 10.00 4.00 7.33 2.39 9.72 7.75 2.39 10.14
which results in TTi(y NL, NL) = 7.33 and profit in Model NTL (ITf “(yM"t) = mf* NTL, NTL) +

G0 3 2.39. In Model NTL, we
have x}"* = 647 and x}'* = 3.56. Then
yV-TL = (8,6.42) and xV-TL = (4.44,3.56).
The profits are HTL( NTL,yZZVTL) 6.84
and HTL(yNTL NTL)
’ l

2.82. Therefore,
HTL(yNTL’ NTL) < HL(yNL’y;VL) which

means that the newsvendor 1 is worse off. The
newsvendor 2 is indeed better off as implied by

Theorem 2 and Proposition 4. In this example
levu - K- xzsz < XNL and x NTL _ 12v1,1<
which is not any of the cases in Proposition 5.

To understand the reason why the newsvendor 1 becomes
worse off, we notice that ¢c31 —s2—1t1 = 5>r;—cy = 1
and rp,—cip = 3>cip—s1—t2 = 1. Consequently, the
newsvendor 1 receives a smaller share of the extra profit
generated by inventory transshipment than the newsvendor
2 does. Unfortunately, his profit loss m(x ) - 71.'1( N TL)
is not fully compensated by the shared proﬁt from 1nven-
tory transshipment. Therefore, the newsvendor 1 becomes
worse off.

Total profit of the two newsvendors is an important
indicator of the supply chain performance because higher
total profit indicates higher service level. When the sup-
ply is unlimited, inventory transshipment always increases
the total newsvendor profit. However, in the limited sup-
ply case, as we observe in Example 2, the total newsvendor

HTL(yN L NTL) = 9.66) is lower than that in Model
NL () OY ) + IO = 9.72).
It indicates that the limited inventory supply is not allo-
cated in the most effective way. Therefore, it is highly
necessary to design certain mechanisms so that inventory

transshipment benefits the total newsvendor profit when the
supply is limited. Transshipment prices can be the key of such
mechanisms.

To verify the insight above and investigate how the trans-
shipment prices make a newsvendor better or worse off, we
conduct a numerical study based on Example 2. We let c»
and cy; vary while keeping ‘r‘; :l‘_ttlf = rr_‘:;_z; = §, where
6 €0, 1] is the portion of transshipment pr0f1t that belongs
to the newsvendor 1. For6 =0%, 10%, ..., 100%, we com-
pute TITE( T 00, LG TE ) L) and 7L (yNTe)
to compare with HL(yNL,yIZV by, HLQ/N L,yllv Ly and TTE(yNL),
respectively. Results are shown in Table 5.

We observe that HTL(yN AL y;VTL)
7t (y, NIL (N TL) decreases as & becomes higher. The
is worse off when 6 <40% and the total
newsvendor profit is lower than that in Model NL when
6 <20%. This implies that transshipment prices affect
newsvendors’ equilibrium profits by determining how the

transshipment profit is allocated. Therefore, transshipment

increases and

newsvendor 1

prices, if carefully chosen, may ensure the benefit of inven-
tory transshipment for both newsvendors and eventually,
their incentives to participate under the supply constraint.
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6 | A COORDINATING MECHANISM

In this section, we provide a mechanism such that at the
Nash equilibrium y» > of Model NTL, both newsvendors
are better off than in Model NL, and total newsvendor profit
is maximized. In this sense, this mechanism will coordinate
the newsvendors. As the analysis in Section 5 suggests, the
transshipment prices should play an important role. How-
ever, Hu et al. (2007) have shown that there may not always
exist a pair of fixed transshipment prices that can coordinate
the newsvendors in Model NT. Therefore, in this section we
consider that the transshipment prices ¢, and ¢, vary with
the orders y. This idea is also seen in an implicit pricing
coordinating contract (Hezarkhani and Kubiak, 2010). By
adopting their key design, we derive a coordinating mecha-
nism for Model NTL that allows newsvendors to negotiate on
transshipment prices before they place orders.

Formally, the proposed coordinating mechanism (CM) runs
as the following two stages with a sequence of events shown
in Figure 6:

Stage 1: Before placing orders, the
newsvendors negotiate and agree on a
transshipment pricing mechanism
(c12(y), c21(y)) as a function of any feasible
order quantity y.

Stage 2: After the newsvendors place orders

y, they use (c12(y), c21(y)) as
transshipment prices.

The negotiated transshipment prices cj2(y) and c;(y)
can be determined by the general Nash bargaining solu-
tion (GNBS) to the newsvendors’ bargaining problem. In
general, a bargaining problem consists of a set of wutil-
ity pairs of both players and a disagreement point repre-
senting the utilities if the players fail to reach an agree-
ment. In Model NTL, associated with any given (yi,y»),
the utilities of the newsvendors are their expected profits
(T (1, y2: €0, TITE(y2, y15.©)) for given ¢ = (c12,¢21). The
disagreement point is (Hf(yllv L ygl L, le‘(ylzv L yllv L)) because
if the negotiation fails, there will be no inventory transship-
ment and the game becomes Model NL.

According to the general Nash bargaining solution
(Nash, 1951; Roth, 1979), for any given orders (y;, ), the
negotiated transshipment prices (c2(y), ¢21(y)) form an opti-
mal solution of the following optimization problem (Py) in c:

max fy(e) := [} (1. y21.€) = TGN ) )1

X [T (v, 13 €) = SO0, v 1%

st E (L yas 0 > TR D)0, (1)

(v, y13€) > TEGY 00, )

where a;, ay € (0, 1) are the newsvendors’ bargaining powers
with a; +ar = 1.

Note that the total newsvendor profit IT'£(y) does not
depend on transshipment prices ¢. If TI' E(y) < TIE(yME),
then constraints (1) and (2) cannot be simultaneously satis-
fied. Consequently, the negotiation will fail. Hence, we only
consider (y1,y>) such that IT7E(y) > TIE(yM:E). It is easy to
check that fy(c) is concave in ¢ by noting ITT “(y;,y»; ¢) is a
linear function in ¢ (proof in Hezarkhani and Kubiak, 2010).
Then ¢ globally maximizes fy(c) if and only if ¢ satisfies the

. ..o 9 .
first order conditions % =0and 2¢ = 0, both of which

. 1y dey
are equivalent to

Ti(Y)er2 — Thi(Y)ea
NL _NL

= [ Tia(y) — (21 + $2) T2 (y) + HIj(}’zJ’l) - Hé(yz 0]
— a[r Toi(y) — (ta + s)Ti(y) + TG y) = TEOY 9T 3)

where Tj(y) = E[min{(D; — @i(yi, )", (@;(;,yi)) — D)™ }]
denotes the expected amount of inventory transshipped from
newsvendor j to newsvendor i, i, j = 1, 2, i#j. To better
understand Equation (3), we reorganize it as

7L (y1, yos e(y)) — TGN, 30 ) _a
0L (v, yise(y) — IEOY P 0 @

This means that each newsvendor receives expected extra
profit from inventory transshipment in proportion to his bar-
gaining power. For example, when a; = a,, both newsven-
dors’ expected transshipment profits are equal. More pre-
cisely, the relation between each newsvendor’s profit and their
total profit is shown in the next result.

Proposition 6  For any'y such that IT! *(y) >
NE(yNL), if the transshipment prices ¢(y) are
determined by the generalized Nash bargaining
solution, then

7 iy e) = MO Y0 + al I () = T YD)
fori,j=1,2,i#j.

Proposition 6 means that each newsvendor’s profit is his
equilibrium profit in Model NL plus a fixed portion, speci-
fied by his bargaining power, of the total extra profit generated
by transshipment. In this way, each newsvendor’s own profit
is aligned with their total profit. Therefore, the Nash equilib-
rium, at which each newsvendor maximizes his own profit,
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also maximizes the total newsvendor profit. Formally, we
have the next theorem.

Theorem 3 If the newsvendors may nego-
tiate the transshipment prices before placing
orders as the mechanism CM specifies, then the
equilibrium orders yN- " maximize their total

profit I E(y) with both newsvendors better off .

This coordinating mechanism can be a potential solution
when either newsvendor finds that he does not benefit from
inventory transshipment in Model NTL. Rather than seeing
the inventory transshipment fail, the newsvendors may seek
to negotiate the transshipment prices and achieve a win-win
result. They can estimate the costs associated with the nego-
tiation process to assess whether the profit added is worth the
effort.

We note that there can be multiple optimal solutions to
problem (Py) and by the model settings the transshipment
prices ¢(y) should satisfy #; +s; <c;(y) <min{r;,r;} for i,
Jj =1, 2, i#]j. Therefore, the retailers should choose an opti-
mal solution that meets the practical requirements of inven-
tory transshipment when there is one. We illustrate how this
mechanism can be implemented by the next example.

Example 3 Reconsider Example 2. Assume
that the bargaining powers are a; = 0.6,
ap = 0.4. For illustration purpose, we assume
that the newsvendors only place integer orders.
Table 6 shows ci2(y) and c;;(y) for each
y = 01,), i, y2 =0, 1,...,K. The sym-
bol “~” indicates that II"1(y) < TMEyMi)
in which case no agreement will be reached
and the newsvendors choose not to transship
inventory. Note that, besides Equation (3), c(y)
should also satisfy f; +s; <¢;;(y) <min{r;, 7}
for i, j = 1, 2, i#j. All of such c(y) form a
line segment when T2(y)#0 or T(y)#0.
We choose the center of the segment. If
Ti2(y) = 0 and T (y) = 0, then any c(y)
such that tip + 51 L cp(y) <min{ry, ro }
and t; + 52 <co1(y) <min{ry, 2}
the negotiated transshipment prices, and

we choose its center (ci2(y),c21(y)) =
<t12+sl+min{r1,r2} ty +s,+min{r;,r, } Table 7

2 ’ 2
75 (y1,y2:¢(y))  and

can be

shows the profits
I (y2, y1:¢(y)) with the negotiated trans-
shipment prices. For (y;,y») such that
7L (y) < TE(yNE), we set TTTE(yy, y2, e(y)) =
Hi(ngygi and  IGHGzyiey) =
I5(v;77,y, 7). The red boxes highlight the
newsvendor 1’s best profits given the newsven-
dor 2’s order, and the blues ones for the
newsvendor 2’s. We observe that (7, 3) is a Nash
equilibrium  that maximizes IT] “(y1,y2; ¢(y)),

I (y2, y1;¢(y)) and IT7“(y). Therefore, the
newsvendors should order y; = 7, y, = 3 and
use ¢ = 6.72, ¢p; = 7.00.

7 | CONCLUDING REMARKS

In this paper, we have studied the inventory transshipment
game of two retailers with limited total supply. We single
out their ordering decisions by assuming stochastic demands,
retail prices and predetermined transshipment prices to be
exogenous, and thus show the impact of limited supply capac-
ity on each retailer’s inventory stocking strategies. We have
obtained results for asymmetric retailers, general demand dis-
tributions and a broad class of allocation rules. Albeit the
common difficulty of having simple and closed-form results
for transshipment problems (sometimes even for simplified
models such as identical retailers, price-dependent demand,
etc.), we derive each retailer’s optimal order quantity as
a best response to the other retailer’s order. The analysis
clearly shows that the supply capacity significantly compli-
cates retailers’ decisions for it may induce an inflation of
each retailer’s order quantity while the inventory transship-
ment may reduce the needed inventory level. We have shown
that a Nash equilibrium exists under certain conditions. The
Nash equilibrium becomes unique if the gaming effect due to
supply capacity is either much less or much more significant
than that due to inventory transshipment. Otherwise, there
may exist infinitely many Nash equilibria. All these results
and conditions are in explicit forms that can be easily applied
in practice as long as the specific allocation rule, demand
distribution and cost structure of the retailers are known.

This research points out that the benefit of inventory trans-
shipment should not be taken as granted. Although transship-
ment always benefits both retailers in the unlimited supply
case (Model NT), we see that it is not always true when the
supply capacity becomes limited. An important finding is that
one of the retailers is guaranteed to be better off, while the
other could be worse off compared with his equilibrium profit
in the no-transshipment game (Model NL). Therefore, it is
necessary that a retailer checks the conditions provided in this
paper to evaluate his benefit before participating in inven-
tory transshipment. Our numerical study indicates that the
transshipment price is a critical factor in determining the allo-
cation of the transshipment profit, and consequently, whether
a retailer will be eventually benefited by inventory transship-
ment. A carefully chosen transshipment price may make both
retailers better off. The supplier may need to offer the retailers
certain types of incentive to promote inventory transshipment
when her capacity is limited. As a possible solution for this,
a coordinating mechanism allowing the retailers to negoti-
ate the transshipment prices has been designed to achieve a
win-win result.
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This work extends the scope of existing literature on inven-
tory transshipment to the supply chains with limited sup-
ply. Our analysis provides a full prescription for a retailer’s
profit maximization decision on the quantity of ordering,
participation of inventory transshipment, and negotiation of
transshipment prices. The new insights into the effect of lim-
ited supply and the benefit of inventory transshipment may
help supply chain owners to better manage a decentralized
system of similar characteristics by designing a working coor-
dinating mechanism. Among the first studies of its kind,
this research provides a platform for modeling and analyz-
ing more complex problems involving limited supply and
inventory transshipment. Future research directions include
extending the model in this paper to multiple retailers, consid-
ering other possible decisions of the retailer such as pricing
and transshipment quantity, involving the supplier’s decision
problem on capacity investment and wholesale price, and
more problem-specific analysis of inventory transshipment
games with limited supply in business practices.
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APPENDIX A: PROOFS

Proof of Proposition 1 Define the following
notations of probabilities (and derivatives) of
different scenarios for given x;, x;:

A = PI'()CJ‘ SDJ <Xx; + X — D)); Ay = Pr(x; +
x;—D; <D; <x;); A3 =Pr(x; <D; <x; +x; — D)),

Ay = Pr(x;+xj—D; <D; <xj); As = Pr(x; >
D;,x;>D;);

61 = Pr(D; + Dj < xi + X)fp, 0, +D,<x+x, (Xi);
62 = Pr(D; + Dj 2 xi + X)) p, 0, +D,<x 4%, (Xi);

<%,
63 = Pr(Dj + D; < Xi + X))fp,p,+D;<x+x, (X))
64 = Pr(D; + D;j 2 xi + X)fp, 10, +D,<x4+x, (%))

65 = Pr(Di < Xx)fp+pp,<x,(Xi + X); 06 =

Pr(D; < X)fp+p, 10, <5, (Xi + X))

Then we can calculate
ox! (xi, K — x;)
ox;
=(ri—wi) = (ri = si)(A1 + Az + As)
— (i —cji) Az + Ag) + (cij — ti; — s)(A1 + Ar)

Using the fact that D; and D; are uniformly
distributed in [0, u#] with u > K to calculate the

probabilities, and noting ¢;; — #;; — s; < ri;Si <
¢ji — i, we have
627zi7(x,-, K —x;) K — xi( )
2 Ji i
0xl.
u—(K—x) u—(K —x)
- —(r; — (cij — i) ————
u
u—Xx; X;
+ l(ri_cji)+ _I(Cij —1ij — i)
u u
u—K

<- (cji = cij +1ij)
u
<0.

Therefore, ﬂiT(x,', K — x;) is quasi-concave. m

Proof of Proposition 2 When y; = 0,
7 (y;, 0) = #] (3, 0). TIT 2 (y;, 0) is concave in
yi >0 (Rudi et al., 2001). Consider 0 <y; <K.
Note that TT"*(y;, y;) is continuous in y; and
y;- We show the quasi-concavity of IT/ *(y;, ;)
for 0<y; <K -y, for K—y;<y;<K and at
vi = K —yj, respectively.

If0<y; <K —yj,thenx =y and IT] “(y;, y;) =
rtiT(yi, ¥)- Rudi et al. (2001) proved that
niT(yi, ¥)) is concave in y; for any given
0< yi <K.

If K =Y <Yyi <K, then H?L(yi,yj) =
7! (@i(vi- ). K = @i(yi, y;)). Consequently,

ol (yi, y)) 3 ox! (@i, yj)- K — 0i(vi- ) d¢p;
ay; 0pi(Vi> yj) dy;

The increasing condition (III) of @;(y;,y;)
implies that % > 0. Then I7%(y,y)) is
quasi-concave for K- yi<yi<K if and
only if 7rl.T(x,~, K — x;) is quasi-concave for
K —yj<x;<@(K,y;). Note that the union
of intervals K-y <x;<@;K,y;) over
0<y <K is 0<x;<K. Hence, II'*(y;,y)) is
quasi-concave for K —y;<y; <K with any
0 <y;j <K being given if and only if z] (x;, x)) is
quasi-concave for 0 <x; < K.

At y; = K —y;, "' (y;,y;) may not be dif-
ferentiable with respect to y;. We examine the
left and right partial derivatives of IT' *(y;, y)).
If RI(x;) has no intersection with the sup-
ply line {(x;,x)|x1+x; = K,x1,x >0},

o’ (y,,y;
then 20w > 0 and M7L(y;,y)
Wi K-y i
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is quasi-concave at y; = K-—y;. If RT(xJ)
intersects the supply line at (xll.’K,K - xIK
there are two cases. If K —y; < xl{’ s then

o (K—y;.y; . .
— (dy 2% > 0 and 7" (yi, y) is quasi-concave
at y; = K—y;. Otherwise, K — y; > xIK,
oL )Y
then 2w < 0. By the condition
D (K-y)
xﬁ”’K < RI(K - xf.”’K), we know that
oxl (0.(K=v,v.).K—o.(K—y..y:
xM‘K < xI.’K. Then 7; (9,(K=y;.y;).K—p,(K=y;.y;))
! ! 09;(y;-y;)
o’ (y,y,
< 0 and (20w =
Wi (K-y*
on (@ (K—y;.y).K—;(K—y;.y; ; .
7 (@i(K—y;:9)-K—@(K—y;.3) 0gp; < 0. In this case,
Dw;(,v,-vy/) ay;

7" (yi, y)) is quasi-concave at y; = K — ;.
Therefore, TT7*(y;,y;) is quasi-concave for

0<yi<Kgivenany 0<y;<K,i,j=1,2,i#j.
Now we prove the equivalency of xM Ko<

—Ci Pr(D;+D;<K< MK+D-

RT(K — xK) and =G » POADKx 4Dy
! ! Cij=lij=Si Pr(x""+D,<K<D;+D;)

xM K< RI(K — M’K) is equivalent to

onT(M )
ul ( 9m (57%) > 0 which is written out as

X

(ri = wp) — (ri = s)(A1 + Az + As)
—(ri—cj)As +(cij — tij — 5)A2 > 0.

orl (M K—xM L.
We know that % = 0 which is
ox! (xi, K — x;)
ax,‘

= (i —w) = (ri—s)(A1 + Ay + As)

= (ri—cji)(Az + Ay) + (cij — tij — s))(A1 + Ay) = 0.

0ﬂiT(K s

Xi

Therefore,

(ri = ¢ji)Aq = (cij = tij = s)A1 2 0

i ‘j!

which is equivalent to >
Cij—lij=S;

Pr(D,+D;<K<x¥+D))

Pr(x"* +D,<K<D,+D))" n

Proof of Proposition 3 By calculation,
0)

When K is sufficiently small we know A and
7} (KO) > 0. When K
is sufficiently large, we know A1 =land A, =0

. on!(K,0
which makes * = —w; +s5; < 0. Note

A, are small which makes

that both A; and A 1 + A, are non-decreasing in
T

. on’ (K0
K which means 7 (KO

i

is non-increasing in K.

. oz’ (K,0
Therefore, there exists KQ such that 9 (KO)

oz (K.0)

>0

forallK<K0 nd —/—— <OforallK>K0

By the quasi- concav1ty of =, T(x;, K — x;), we
know x"* = K when K < K?.

= (ri—w))—(cij—tij=s) A1 = (ri—cij+1;) (A1 +Ar)

- ar; (x", ;
When K > K?,xé”‘K satisfies 0— =
X,

0. Hence,
MK MK MK
dx;” dzniT(xl. TLK—x")/0Kox;
=~ MK MK
dK 0l ()", K —x"") [ ox?
. 627r.T(xM'K K—xM'K)
B Iculation have ———1 - =
y calculation, we have oK,

=(ri = ¢;)64 — (cij — t;j — s1)63 < 0. By
the quasi-concavity of niT(x,-,K — X;), we have

2aT (MK K"K
% < 0. Therefore,

implies that xf.w’K is non-increasing in K.
Consider a continuous function p(K) = K —
O x5, Note that p(K) <0 when 0 < K <
max{KY, Kg }. On the other hand, p(K) >0 when
K is sufficiently large since x K and x M K are
non-increasing in K. Therefore, there must be
K such that p(K) = 0, which is equivalent to

= @0,
At K, we have xMK < xN’T,i = 1,2. Then
p(K) = 8K — (x| +xMK) = @+ -
(lew,? + xgl’?) > 0. Therefore, K < K. .

Proof of Theorem 1 The theorem follows
Table 2 and the preceding analysis. [

Proof of Theorem 2 For case (i), we have

”iT(xiv’T’xjv’T) > ﬂ_iT(xNL NT) > ﬂz NL).
For case (ii), we have (MK,K - l. £y >

! (x;, K—x;) for all 0 < x; <K.and xl (K K

xfw’K) > ] (K — x¥) > m(x}). For case
(iii), we know xjw’K > xN TL > xN £ Then
ﬂir(va’TL,K - fo’TL) > n'l.T(xf/L,K - xN’L) >

i x ) by the quasi-concavity of 7, T(x;, K—x;m

Proof of Propositions 4 and 5 The two
propositions follow Theorem 2 and Table 4. =

Proof of Proposition 6 Reorganize Equation
6 and note that a; = 1 —a;, i, j= 1,2, i#j. =

oI (y;.y;3¢(y))

Proof of Theorem 3 Note ld—y- =
orrr '
a; —d\ W and the theorem follows. u

APPENDIX B: ORDER LIMITS

In Models NTL and NL, we assume both newsvendors’
order quantities be restricted by the same order limit K,
which is the supplier’s capacity. We point out that lifting
the order limit restriction may make both newsvendors bet-
ter off in some cases, but not all. Revisit Example 2. Assume
newsvendor i’s order limit to be K;, i = 1, 2. For a potential
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equilibrium inventory allocation x™: T, it is easy to calculate

that ITEQY T K — &) > Tk NL,yIZV ") and T (K —
AT Ty > Tk NL, yV'F) when 5.06 < x}""* < 6.00.
Hence, both newsvendors will be better off if 306 K

6.00

K-506 ~ K, —
60 which is equivalent to 1.90K;, < K| <3.00K,. Only if
the order limits satisfy these conditions can both newsvendors
be better off.

In a general setting with newsvendors’ order limits being
K, and K, Theorem 2, Propositions 4 and 5 still hold with
g replaced by %K in case (iii) of Proposition 5. There-

fore, simply setting arbitrary order limits or a large order
limit for one newsvendor does not necessarily ensure that both
newsvendors are better off. Actually, if there exists no inven-
tory allocation (x;, K —x;), K — x < x < x
make both newsvendors better off, then it is 1mpossible for

K which can

the inventory transshipment to benefit both newsvendors by
solely relaxing ordering limits.

APPENDIX C: QUASI-CONCAVITY OF n'iT(xl»,K—xi)

In this paper we assume that the profit function 7Z'l.T(Xi, K—x)
is quasi-concave for i = 1, 2. Our numerical study shows
that this is a weak condition despite that theoretically, it is
possible that ﬂiT(x,-,K — x;) could be not quasi-concave. In
one of the experiments, we randomly generate the parame-
ters within certain ranges. Specifically, we set r; = r, ~ U|[O0,
301, wy = wp~U[0,r1], 51 = 52~ U[0,w1], c12~Ulsy, 1],
c1~Ulsy, ], tin~Ul0,ci2—s1], 121~ U0, c21 — 2],
K~ U[5, 50] and K is an integer. We let demand D; and D,
be independent. We have tested uniform, normal and lognor-
mal distributions as the demands. For uniform distribution,
D; is uniformly distributed in [/;, ;] with [; ~ U [O, [3{] and
mally distributed with mean y; and standard deviation o;

U IZ(’%K] and o; ~ U[O,%
mal distribution, D; is lognormally distributed with u; being
mean of In(D;) and o; being standard deviation of In(D;) and
with g ~ U [o, In ] and ;~ U[0,In2K)], i = 1, 2.
For each distribution family, we have examined 100 000 ran-
domly generated cases and have observed that JrlT(xl, K —x)

, i =1, 2. For normal distribution, D; is nor-

with p; ~ ], i =1, 2. For lognor-

and ﬂZT (x2, K — x,) are quasi-concave in all cases.

APPENDIX D: ENDOGENOUS WHOLESALE PRICE

We consider a variant of Model NTL in which the wholesale
prices can be endogenously decided by the supplier before
the newsvendors negotiate the transshipment prices by the
coordinating mechanism in Section 6. Let wy denote the
production cost of the supplier. For simplicity, we assume

that the supplier offers the same wholesale price to both
newsvendors, that is, w; = w, = w>wy. For any order y
and its inventory allocation X = (@1 (1, y2), @2(v2, ¥1)), we use
mo(x| W) = (W—wo)(x1 +x2), 7 (x|w) = x| (x|w) + 7] (x|w)
and 7.(x) = mo(xX|w) + 7l'lT (x|w) to denote the supplier’s profit,
newsvendors’ total profit and the supply chain profit, respec-
tively. From Section 6 we know that for any given K and w,
the newsvendors will order the Nash equilibrium such that the
inventory allocation maximizes ﬂ,T (x|w). Denote this inven-
tory allocation as xR(w) (R (w), x§(w)) and denote the
inventory allocation that maximizes z.(x) as X°.

When w = wy, supplier has zero profit because
o (X| wo) 0. Therefore, x®(wp)
the newsvendors’ orders maximize the supply chain
profit. Suppose the supplier increases w to be higher
than wy. We consider two possibilities. First, if K is
large enough to satisfy x¥(wo) + x¥(wg) < K, then it

0. T (R
7, O (o) wo) 0. Note that

0x, - 0x,
a T (R a T (R
u (Xa:v")lw) 7, O (o)) —(w—wp) < 0,i =1, 2. Therefore,

i dxl

x®(w) # xR (wy) and equivalently, x®(w)#x¢. This implies
that, if the supplier wants a positive profit, the supply chain
profit will not be optimized. Second, if K is relatively small
so that x¥(wo) + x§(wo) = K, then by the KKT conditions of

the optimization problem

x¢ which means

o] (xR (wp)wy)

implies that

max 7z (x|wp)
st.x;+x <K

X1,x2 20,

) T (xR ) T (xR .

we have 2% aiwo)lwo) = i aiw(’)lw(’) > 0. Without loss of gen-
1 2
AT (xR (wy)wgy)

. orl (xR (wy)|wp)

erality we assume — = 00
0x, 0x,

ax] (xR (wy)wy)

ox;

i

> (. Hence,

on” (xR (wp)|w)
+ wy, we have ———— - 0 =
v

i

when wy < w <
l)if;l (xR wo)lwg)

ox;
x®(w) = x¢. This implies that, when w is within a certain
range, the supplier can extract a positive profit while the
supply chain profit is maximized.

—(w—=wg) > 0,i = 1,2, and it remains that

APPENDIX E: MULTIPLE NASH EQUILIBRIA WHEN
K<K<K

WhenK < K < K, there will be infinitely many Nash equilib-
ria. We point out that all of them are Pareto optimal. Actually,

for any Nash equilibrium (yN L y’zV TLy and its inventory allo-
cation (x NTL, NTL) we know that x NTL > x1 K and ]ZVTL >

xlzw K Consider the inventory allocation (EEIIV’TL,EIZV‘TL) of

another Nash equilibrium. Without loss of generality we may
assume xN TL S xN TL and therefore, xlzv TL o YN TL . By the

quasi-concavity of m, T(x;,K —x;) and 7Z'T(X2, K- xz) we have
T, NTL NTL) < ”T(wNTL ~NTL) and n' NTL NTL) S
N.TL N TL

T T X Xy X
), which means that ( X

T (wN,TL ~1v TL ) is a Pareto
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optimal equilibrium inventory allocation, and therefore, its
corresponding Nash equilibrium (yllv ’TL,yZZV TLy is a Pareto
optimal Nash equilibrium.

Moreover, if in Model NL all supply is allocated, that is,
lev’L + xIZV’L = K, then Proposition 4 still holds that at least
one newsvendor is better off in Model NTL. To see this, note
that we may assume ATE < N and x]ZV Th S xZN £ Then

I i
ﬂlT(lev’TL,xlzv’TL) > NL NIy > ﬂl(lev’l‘). In this case

XXy
newsvendor 1 is better off in Model NTL than in Model NL.

APPENDIX F: MULTIPLE NEWSVENDORS

The modeling platform and analysis in this paper can be
extended to the general case of more than two newsven-
dors. Different from the two-newsvendor case, a newsvendor
may transship inventory to more than one newsvendor with
excess demand, each of which may purchase from multi-
ple newsvendors with surplus. Consequently, an inventory

transshipment mechanism needs to be specifically defined.
Such a mechanism dictates the allocation of the transship-
ment profit among the newsvendors. Existing research gen-
erally takes a centralized approach for determining the trans-
shipment arrangement and directly focuses on allocation
methods of the transshipment profit. For example, Anupindi
et al. (2001) formulate the transshipment problem as a linear
programming problem and use the dual variables as trans-
shipment prices. Huang and So$i¢ (2010b) compare this dual
allocation method with the method based on pre-fixed trans-
shipment prices and propose to introduce a central depot to
simplify the transshipment. Hanany et al. (2010) design a
transshipment fund mechanism to better manage the trans-
shipment and the subsequent profit allocation. Fang and
Cho (2014) focus on network structures and the system sta-
bility under different allocation mechanisms. The insights
revealed in this paper may help understand the effect of
transshipment prices and mechanisms in supply chains with
multiple newsvendors.



