
This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING 1

An Approximation Algorithm for Unrelated Parallel
Machine Scheduling Under TOU Electricity Tariffs
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Abstract— In an era of sustainable development, considerable
emphasis has been put onto energy saving, environment friendly,
and social welfare as well as productivity in the manufacturing
sector. In this work, an unrelated parallel manufacturing setting
with time-of-use (TOU) electricity price is explored, with an
aim to reduce the electricity cost and increase productivity
simultaneously. A nonlinear mathematical programming model
is formulated to exploit the special structure of the scheduling
problem, where the quadratic constraints are reformulated as
second-order-cone (SOC) constraints, and several tailored cutting
planes are introduced to further tighten the feasible region of
the problem. Then, the original scheduling problem is trans-
formed into several single-machine scheduling problems with
TOU electricity price, which could be relaxed as a single-objective
programming problem, and it could be solved rapidly via com-
mercial solvers, such as CPLEX. Based on the optimal solution
of the relaxed problem, an approximate algorithm is proposed,
where a special rounding technique is employed to assign jobs
to the unrelated parallel machines in a local search manner.
Furthermore, a lower bound model is constructed by eliminating
the nonpreemption constraint, and an iteration-based algorithm
is devised to obtain the optimal solution of the lower bound
problem. Meanwhile, a dispatch rule-based approach is proposed
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to provide an upper bound of the scheduling problem with
TOU constraint. In the numerical analysis section, the proposed
approximate algorithm is validated through extensive testing on
various scales of instances, different emphasis on productivity
and electricity price, and under two typical TOU electricity
pricing policies. It is observed that the gap between the proposed
approximate algorithm and CPLEX is mostly within 4%, and
the lower/upper bound methods could obtain a relaxed/feasible
solution within 0.01 s.

Note to Practitioners—Energy saving together with produc-
tivity improvement in the manufacturing system becomes the
focus of both academia and industry over the years due to the
increasing deterioration of the environment and the advancement
of commercialization. In order to maintain better social welfare,
the government usually makes time-of-use (TOU) electricity pric-
ing policies to rebalance energy demand. For each manufacturing
company, a tradeoff analysis should be performed to adapt to
the TOU electricity price, so as to achieve the most desirable
outcome. During the decision-making process, the practitioners
should assign weights to the productivity and the energy cost to
match their anticipation. For a typical manufacturing setting
where all the machines are unrelated parallel, the proposed
approximate algorithm, also known as the F-SOC algorithm,
could be employed to obtain a near-optimal schedule within a
short period of time. The proposed approximate algorithm could
also work well in situations where the TOU electricity pricing
policies are switching, and the preferences for productivity versus
energy cost are swaying. A near-optimal schedule could always
be guaranteed within a 4% gap from the optimal solution for
most cases.

Index Terms— Approximate algorithm, cutting plane, lower
bound, second-order-cone (SOC), time-of-use (TOU), unrelated
parallel machine scheduling.

I. INTRODUCTION

AS A result of the greenhouse effect and global climate
warming, there is an increasing concern in manufacturing

systems to reduce the energy costs, especially electricity
costs. The unbalanced electricity demand increases the cost
of an electricity company and the waste of electrical energy.
The time-of-use (TOU) electricity pricing is a policy that
could be used to rebalance the electricity demand. Higher
electricity prices charged in the on-peak time period could
help redistribute the electricity demand. In the TOU electricity
pricing policy, the electricity price varies throughout the day.

For energy-saving production systems with productivity
concerns, Che et al. [1] considered a single-machine schedul-
ing problem under the TOU electricity policy. An efficient
greedy insertion heuristic is proposed to minimize the total
electricity cost. Fang et al. [2] also introduced scheduling
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problems under the TOU electricity pricing policy in a
single-machine scenario, where jobs consume arbitrary power
demands and must be processed with a uniform speed.
For single-machine scheduling problems under a more com-
plex setting, Wang et al. [3] presented a heuristic method
to minimize the electricity cost and the makespan for the
single-machine batch scheduling problem. A dynamic con-
trol approach for energy-efficient production scheduling on
a single-machine under time-varying electricity price is pro-
posed by Lee et al. [4]. Cheng et al. [5] formulated the
single-machine batch scheduling problem with a machine
ON/OFF switching, where a heuristic method is proposed
to tackle large-size problems. Che et al. [6] introduced a
single-machine scheduling problem with power-down mech-
anism. Zhang et al. [7] introduced an improved mixed-integer
linear programming model (MILP) for single-machine batch
scheduling problem. In their research, a heuristic method is
proposed to minimize the total electricity cost and makespan.
Chen and Zhang [8] considered a single-machine scheduling
problem with TOU tariffs, in which a pseudo polynomial-time
algorithm is provided to minimize one of the regular schedul-
ing criteria.

In the more general setting, a flexible job shop scheduling
problem with an aim to reduce the total electricity cost under
the real-time electricity pricing is considered by Zhang et al.
[9]. A two-stage flexible flow shop scheduling problem was
considered to minimize the energy cost [10]. Wang et al. [11]
considered the two-machine flow shop scheduling problem
under TOU electricity tariffs. Two heuristic algorithms based
on Johnson’s rule and dynamic programming are proposed
to minimize the total energy cost and makespan. Moon and
Park [12] consider the scheduling problem with an aim to
reduce the TOU energy cost in the distributed energy storage.
Ding et al. [13] formulated the parallel machine scheduling
problem under TOU electricity price to minimize the elec-
tricity cost. A differential evolution algorithm is proposed by
Zhou et al. [14] to solve the parallel batch machine scheduling
problem. Cheng et al. [15] developed a new model for parallel
machine scheduling under TOU electricity price, in which an
improved MILP model is introduced to minimize the total
electricity cost. Wang et al. [16] considered an augmented
�-constraint method to solve the identical parallel machine
scheduling problem. The parallel machine batch scheduling
problem is studied by Tan et al. [17], where an MILP model
is formulated to minimize the electricity cost in production
with TOU price.

The scheduling problem becomes even more complex when
the unrelated parallel machine setting is considered under the
TOU electricity price. Che et al. [18] introduced an efficient
two-stage heuristic for unrelated parallel machine scheduling
to minimize the total electricity cost under TOU electricity
tariffs. Abikarram et al. [19] considered the unrelated parallel
machine scheduling problem under real time and demand
charge pricing, which aims to reduce the total electricity cost.
Unfortunately, only the electricity cost is considered in their
works, which may cause a negative impact on productivity.
To address that concern, this study focuses on unrelated
parallel machine scheduling problem under the TOU electricity

price, with a biobjective to minimize the electricity cost
and makespan simultaneously. One of the challenges in the
unrelated parallel machine scheduling problems lies in how
to handle the machine-dependent job processing time [20].
In addition, the two objectives, i.e., the makespan and the elec-
tricity cost, need to be coordinated during optimization [21].
In order to nondimensionalize the two objectives, the ratios
of the makespan and the electricity cost with respect to their
maximum values are employed to tackle the multiobjective
dilemma. Moreover, the relative importance of the two criteria
is considered in the objective. Due to its nonlinearity, a mixed
quadratic integer programming (MQIP) model is formulated in
this study. To reduce the computational complexity, the MQIP
model is further reformulated via a series of tailored cut-
ting planes. Then, a conic programming model is obtained,
which is then handled by a designed approximate algo-
rithm based on a local search approach. Meanwhile, a lower
bound algorithm is introduced by skipping the nonpreemption
constraint.

This article is structured as follows, in Section II,
we describe the unrelated parallel machine scheduling problem
with TOU electricity pricing policy, and an MQIP model is
formulated. In Section III, the MQIP model is reformulated
as an equivalent mixed-integer second-order-cone program-
ming (MISOCP) model. Moreover, the continuous relaxation
and cutting planes are considered in the MISOCP model.
In Section IV, we propose an F-SOC approximate algorithm
and a lower bound method for the unrelated parallel machine
scheduling problem with TOU electricity cost. The computa-
tional results are reported in Section V, and we conclude this
article in Section VI.

II. PROBLEM FORMULATION

In this section, the formulation for unrelated parallel
machine scheduling problem with TOU electricity price is
provided, also known as R | TOU | Cmax, TEC. Besides,
an MQIP model in accordance with the scheduling formulation
will be proposed. In this scheduling problem, there are n
jobs to be processed on m machines at k time periods. The
job set, machine set, and time period set are denoted as
N = {1, 2, . . . , n}, M = {1, 2, . . . , m}, and K = {1, 2, . . . , k},
respectively. Each machine i ∈ M can process at most one job
at each time period, and preemption is not allowed, i.e., once
the processing started, the job could not be stopped until it
is finished. In this article, since we only consider the offline
scheduling setting, each job j ∈ N is available for processing
at the start of the planning horizon. The processing time
that job j spends on machine i is denoted by pi j , which
is machine dependent within the unrelated parallel machine
scenario. The electricity price is related to the time period.
For each time period t ∈ K denoted by the half-closed interval
[PSt , PSt + P Lt ), it maintains a constant electricity price et .
PSt denotes the starting point of the time period t , and P Lt

is the length of time period t . Indeed, if job j is processed on
machine i during time period t , it will incur an electricity cost
pi jet . In fact, one job can be processed at two or more time
periods if this job has a sufficiently large processing time. The
target of the present research is to minimize the total electricity
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cost, which could be achieved by shifting the job’s processing
to the lower price time periods.

In the scheduling problem with the TOU electricity price,
the decision variables are defined differently from the tra-
ditional ones. In the position-indexed formulation, the jobs’
processing order is considered as a decision variable, but the
electricity price charged before the job’s completion time is
difficult to express. In the time-indexed formulation, the deci-
sion variable is Boolean to indicate if one job is processed
on any machine at any time slot, the electricity cost could be
derived by summing up the electricity prices at all time slots.
However, this formulation keeps track of the decision variables
for all the time slots, which leads to a large number of binary
variables.

In order to express the makespan and the TOU electricity
cost, several decision variables are designed to build the
mathematical model of the scheduling problem as follows:
xi j : xi j = 1 if job j is processed on machine i , and xi j = 0
otherwise; z jt : z jt = 1 if job j is processed at time period t ,
and z jt = 0 otherwise; and yi j t : the actual processing time of
job j on machine i at time period t , where i ∈ M , j ∈ N and
T ∈ K .

Apparently, the abovementioned three decision variables are
not independent. For instance, if xi j = 1 and z jt = 1, job j
should be processed on machine i at time period t . Hence,
yi j t should be larger than or equal to 1. On the other hand,
if xi j = 0 and z jt = 0, job j should not be processed on
machine i at time period t . Thus, yi j t should be equal to 0.
Then, the following constraint is constructed to establish the
relationship among the three decision variables:

xi j z j t ≤ yi j t ≤ xi j z j t P Lt , i ∈ M, j ∈ N, t ∈ K .

Since the aim is to minimize both the makespan and the
electricity cost simultaneously, the following technique is
employed to combine the two aforementioned objectives. Let ξ
denote the actual makespan, and TWT denote the total working
time within one production cycle. Then, the productivity is
described as ξ/TWT × 100%. Moreover, let TEC denote the
actual total electricity cost and MEC denote the maximal
electricity cost, which is obtained by assuming that all the
machines are always working without being idle or broken
down in one production cycle. Then, the energy cost is denoted
as TEC/MEC × 100%. Hence, the MQIP modeling of the
unrelated parallel machine scheduling problem is as follows:

MQIP: min α · ξ

TWT
+ β · TEC

MEC
(1)

s.t.
∑

i∈M

xi j = 1, j ∈ N (2)

∑

t∈K

yi j t − xi j pi j = 0, i ∈ M, j ∈ N (3)

∑

j∈N

yi j t ≤ P Lt , i ∈ M, t ∈ K (4)

z jt ≥ z jt−1 + z jt+1 − 1, j ∈ N, t ∈ K\{1, k}
(5)∑

i∈M

yi j t ≥ (z jt−1 + z jt+1 − 1)P Lt ,

i ∈ M, j ∈ N, t ∈ K\{1, k} (6)

xi j z j t ≤ yi j t ≤ xi j z j t P Lt , j ∈ N, t ∈ K (7)

xi j(z jt + z jt+1) + xi j �(z j �t + z j �t+1) ≤ 3,

i ∈ M, j, j � ∈ N, t ∈ K\{k} (8)

ξ ≥ PSt z jt +
∑

j �∈N

yi j �t , i ∈ M, j ∈ N, t ∈ K

(9)

TEC =
∑

i∈M

∑

t∈K

yi j tet , (10)

xi j ∈ {0, 1}, i ∈ M, j ∈ N (11)

z jt ∈ {0, 1}, j ∈ N, t ∈ K (12)

yi j t ≥ 0, i ∈ M, j ∈ N, t ∈ K (13)

where α and β are the weights of makespan and electricity
cost, respectively. In the MQIP model, the objective function
(1) minimizes the sum of weighted makespan and electricity
cost. Constraint (2) guarantees that each job is processed on
only one machine. Constraint (3) ensures that each job com-
pletes its processing. In Constraint (4), the actual processing
time of job j on machine i at the time period t should be
no more than the length of the time period. Constraint (5)
demonstrates that job j should be processed at time period t
if job j has been processed at both time period t − 1 and
t + 1. Constraint (6) guarantees that the actual processing
time of job j at time period t equals to the length of time
period t if job j is processed at both time period t − 1 and
t + 1. In fact, if the actual processing time of job j fails to
fill up the time period t , its processing must be interrupted
during time period t , which contradicts the nonpreemption
setting. In Constraint (7), the actual processing time of job j on
machine i at time period t is no less than 1 if job j is processed
on machine i at time period t , and 0 otherwise. Constraint (8)
ensures that at most one job could be processed at both time
periods t and t + 1 on each machine. Constraints (9) and (10)
define the makespan and total electricity cost, respectively.
For machine i , if t � is the last time period in which jobs are
processed, then the makespan of the machine i could be stated
as the sum of PSt � and

∑
j∈N yi j t � . Constraints (11) and (12)

denote the binary decision variables. Constraint (13) denotes
the continuous variables. It is noteworthy that the jobs’ actual
processing order during every time period on each machine is
not fixed via MQIP since the arrangement will not affect the
value of makespan or electricity cost.

In the abovementioned MQIP model, the quadratic con-
straints (8) and (9) complicate the problem, which renders
this MQIP unsolvable with the traditional mixed-integer pro-
gramming algorithms. In Section III, a new formulation of the
MQIP model based on nonlinear optimization techniques will
be demonstrated to facilitate the computation process.

III. REFORMULATION AND CUTTING PLANES

Since the nonlinearity is the major concern in the MQIP
modeling, in the present section, the quadratic constraints
and the binary variables will be reformulated. Specifically,
the quadratic constraints are transformed into the second-
order-cone (SOC) constraints; the binary variables are relaxed
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into continuous ones, which is, in general, regarded as a
weak relaxation. In order to tighten the obtained relaxation
bound, a series of cutting planes, which are designed based
on the features of the scheduling problem, are proposed in this
section.

A. Reformulation

To handle the nonlinearity of the original problem, we first
consider the reformulation of Constraint (7). Basically, Con-
straint (7) could be decomposed into two quadratic constraints
as follows:

xi j z j t P Lt ≥ yi j t (14)

yi j t ≥ xi j z j t . (15)

where i ∈ M, j ∈ N, and t ∈ K . Moreover, the quadratic
Constraint (14) could be reformulated as an SOC constraint.

Lemma 1: In MQIP model, Constraint (14) is equivalent to
the following SOC formulation:

z jt P L2
t + xi j ≥ ||2yi j t, z jt P L2

t − xi j || (16)

where i ∈ M, j ∈ N, and t ∈ K .
Proof: In the MQIP model, both xi j and z jt are

0-1 variables. It means that xi j = x2
i j and z jt = z2

j t . Then,
squaring both sides of Constraint (14), we have

xi j z j t P L2
t ≥ y2

i j t .

Moreover, xi j z j t P L2
t could be represented by the difference

of two squared terms as follows:
(xi j P L2

t + zi j )
2 − (xi j P L2

t − zi j)
2 = 4xi j z j t P L2

t .

Then, we have

(xi j P L2
t + zi j )

2 ≥ y2
i j t + (xi j P L2

t − zi j )
2.

In the MQIP model, Constraint (13) guarantees yi j t ≥ 0.
Hence, Constraint (16) is equivalent to Constraint (14). �

For Constraint (15), it cannot be reformulated as an SOC
constraint. However, this constraint can be transformed into a
linear constraint based on the property of binary variables.

Lemma 2: In the MQIP model, Constraint (15) is equivalent
to the following linear constraint:

xi j + z jt − 1 ≤ yi j t (17)

where i ∈ M, j ∈ N, and t ∈ K .
Proof: In the MQIP model, both xi j and z jt are 0-

1 variables. Then, there are only four possible outcomes for
(xi j , z jt): (1, 1), (1, 0), (0, 1), and (0, 0). When (xi j , z jt) =
(1, 1), (1, 0), or (0, 1), xi j z j t = xi j + z jt − 1. On the other
hand, when (xi j , z jt) = (0, 0), we have −1 ≤ yi j t , as indicated
by Constraint (17), and 0 ≤ yi j t , as indicated by by Constraint
(15). Moreover, since 0 ≤ yi j t holds in Constraint (13); thus,
Constraint (17) is equivalent to Constraint (15) in the MQIP
model. �

Based on Lemmas 1 and 2, the quadratic Constraint (7)
could be replaced by SOC Constraint (16) and linear Con-
straint (17). Then, we consider the technique for handling the
quadratic Constraint (8).

In the MQIP model, a specific type of constraint named
single-straddling constraint is designed to ensure that at most
one job could be processed in both time periods t and t + 1
on each machine. Che et al. [18] proved that the scheduling
plan with and without a single-straddling constraint could
transform reciprocally for the scheduling problem with an
aim to minimize the TOU electricity cost. Based on that
conclusion, we find that it also works in the present setting
with multiple objectives so as to minimize both the electricity
cost and the makespan. In other words, the objective value of
MQIP will not be affected if the single-straddling constraint is
skipped. Equivalently, the optimal scheduling of MQIP could
be obtained by rearranging the jobs’ processing sequence,
which is derived without considering the single-straddling
constraint. For the MQIP formulation, Constraint (8) is a
typical single-straddling constraint.

Lemma 3: In the MQIP model without a single-straddling
constraint, the obtained scheduling outcome could be trans-
formed into an equivalent feasible processing sequence.

Fig. 1 shows the reassignment for the scheduling without
single-straddling constraint. Before reassignment, jobs J1 and
J2 are both processed in k and k + 1 time periods. Without
loss of generality, it is assumed that yi1k = P1k , yi1k+1 =
P1k+1, yi2k = P2k , and yi2k+1 = P2k+1. After reassignment,
the processing of job J1 in time period k + 1 is shifted to
time period k. Hence, we have the reassigned scheduling that
y �

i1k = P1k + P1k , y �
i1k+1 = 0, y �

i2k = P2k − P1k+1, and
y �

i2k+1 = P2k+1 + P1k+1. Apparently, the following equations
hold after reassignment: yi1k + yi2k + yi1k+1 + yi2k+1 =
y �

i1k + y �
i2k + y �

i1k+1 + y �
i2k+1 and (yi1k + yi2k)ek + (yi1k+1 +

yi2k+1)ek + 1 = (y �
i1k + y �

i2k)ek + (y �
i1k+1 + y �

i2k+1)ek + 1.
Therefore, the reassigned scheduling shares the same objective
function value with the MQIP model without single-straddling
constraint.

Based on Lemmas 1–3, the MIQP model transforms equiv-
alently to the following MISOCP:

MISOCP: min α · ξ

TWT
+ β · TEC

MEC
s.t. (2) − (6), (9) − (13), (16), (17).

Corollary 1: The solution of MISOCP could be equivalently
transformed into the solution of MQIP.

In Corollary 1, it is illustrated that MQIP shares the same
optimal schedule with MISOCP, which is a mixed integer
SOC programming problem. Moreover, MISOCP could be
further reformulated as an SOC programming problem by
linear relaxation. The linear relaxation for Constraints (11)
and (12) is described as follows:

0 ≤ xi j ≤ 1, i ∈ M, j ∈ N (18)

0 ≤ z jt ≤ 1, j ∈ N, t ∈ K . (19)

Then, we have the relaxed SOCP as follows:

SOCP: min α · ξ

TWT
+ β · TEC

MEC
s.t. (2) − (6), (9), (10), (13), (16)−(19).
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Fig. 1. Reassignment for the schedule without single-straddling constraint.

B. Cutting Planes

In general, linear relaxation is considered a relatively loose
relaxation with a weak bound. It means that the solution of
SOCP cannot guarantee efficient guidance to find the solution
of MQIP based on branch-and-bound or other search methods.
Hence, the following cutting planes are designed to tighten the
bound set by SOCP.

1) Single-Period Processing Time Cut: In consideration of
the continuous relaxation in SOCP model, the variables xi j

obtained are relatively tight because of the equality Constraints
(2) and (3). In contrast, the variables z jt derived in SOCP
are not constrained tightly. For instance, in Constraint (7),
if P Lt is substantially larger than yi j t , z jt tends to approach
“0,” where z jt ∈ {0, 1} as defined in Constraint (12), even
though z jt should be equal to “1” as it is derived in the
original unrelaxed problem. Therefore, the following cut is
designed to tighten the obtained value of variable z jt in
SOCP:

xi j z j t pi j ≥ yi j t, j ∈ N. (20)

Inequality (20) represents that the actual processing time of
job j in time period t on machine i should be less than or equal
to its total processing time pi j . Hence, in MQIP, the single-
period processing time (SPPT) cut is a valid inequality.
Moreover, when the continuous relaxation in SOCP model is
considered, xi j z j t pi j ≥ yi j t could provide even tighter bound
than xi j z j t P Lt ≥ yi j t if pi j ≤ P Lt .

2) Improved Makespan Cuts: In Constraint (9),
the makespan is bounded from below by PSt z jt +∑

j �∈N yi j �t .
This constraint works well in MQIP, but the first term
PSt z jt renders the bound weaker as the continuous relaxation
is considered in SOCP. Although the SPPT cut is added
to tighten the obtained value of variable z jt , its effect is
limited. Hence, the structure of the scheduling problem is
explored to design other cuts to improve the bound of the
makespan

ξ ≥
∑

j∈N

∑

t �∈K

yi j t � +
∑

j �∈N

yi j �t , i ∈ M, t ∈ K . (21)

As it is indicated by Inequality (21), the makespan of
machine i should be no less than the total processing time
of the jobs on machine i . Moreover, the abovementioned
inequality could also be reformulated as an SOC constraint
based on Lemma 1

z jt P2
i j + xi j ≥ ||z jt P2

i j − xi j, 2yi j t ||, j ∈ N. (22)

C. Improved SOCP Model

The SPPT cut in the SOCP model presents the variable
z jt with a tighter bound. The SPPT cut also provides a tighter
bound of the makespan. Moreover, by employing the improved
makespan (IM) cut, the bound on makespan could be further
tightened. As a consequence, the improved SOCP formulation
is shown as follows:

RSOCP: min α · ξ

TWT
+ β · TEC

MEC
s.t.(2)−(6), (9), (10), (13), (16) −(19), (21), (22).

IV. ALGORITHMS

In Section III, the RSOCP model is proposed to obtain the
relaxed solution of the unrelated parallel machine scheduling
problem with TOU electricity price. Since the goal of this
study is to obtain a high-quality feasible solution to the original
scheduling problem, the relaxation-based methods should be
considered. For instance, the branch and bound (B&B) is
a frequently used approach to obtain the optimal solution
based on the relaxed formulation. However, one commonly
known drawback of the B&B method is its time-consuming
feature. In the real-life scheduling scenario, the high-quality
feasible solution with acceptable computational time is usually
more desirable than the optimal solution with huge calculation
efforts. Hence, in this section, the aim is to find a feasible
schedule with high quality based on the relaxed solution for
RSOCP.

In this section, an approximate algorithm based on RSOCP
is proposed to solve the unrelated parallel machine scheduling
problem with TOU electricity price. As the RSOCP problem
contains only SOC constraints besides linear ones, it could
be solved to optimality via the CVX module. The outcome
of the RSOCP determines the assignment of all the jobs to
their corresponding machines; thus, the original scheduling
problem could be divided into m single-machine schedul-
ing problems with TOU electricity price, which is denoted
as 1| TOU| Cmax, TEC. Fortunately, the exact solution of
the single-machine scheduling problem could be solved via
CPLEX quickly. Finally, the schedule of the original problem
could be constructed by the m subproblems.

A. F-SOC Approximate Algorithm

In this section, the approximate algorithm is introduced to
first assign all the jobs to the machines. Then, the actual
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processing time of each job is fixed based on the feature
of job-machine combinations. Thus, the original problem is
decomposed into several single-machine scheduling problems
with TOU electricity price. In particular, these single-machine
scheduling problems are easy to formulate as MIP problems
and solved via commercial solvers. Then, the feasible schedule
of the original problem is constructed through the combination
of all the single-machine scheduling problems with TOU
electricity price.

1) Rounding Technique: After the RSOCP model is solved
to optimality via commercial solvers, such as CVX, a new
challenge emerges as to how to round the nonintegral solu-
tions. Although the B&B method could be applied to tackle the
rounding issue, the computational burden becomes unbearable
due to the curse of dimensionality. Hence, in our algorithm,
a new rounding technique is proposed to deal with relaxed
variables.

In this section, the variable xi j is considered as the rounding
target for two reasons. For one thing, Constraint (2) is an
equality constraint for xi j ; thus, it is more tightly bounded
than the variable z jt , which is only constrained by inequalities.
Second, the scheduling problem with rounded variable xi j

could be decomposed into several single-machine scheduling
problems with the TOU electricity pricing policy, which could
be easily formulated as an MIP model.

In the rounding process, each job j ∈ N is assigned to the
machine i ∈ M , where xi j = max(xi � j | ∀i � ∈ M). That is,
the value of xi j is rounded to 1 if i = arg maxi �∈M xi � j . The
value of xi j is rounded to 0 otherwise. Moreover, to improve
the obtained schedule, a local search-based approach is
employed to find the better assignment in the neighborhood
of the abovementioned rounded variable xi j .

As it is described in the pseudocode of Algorithm 1, from
Steps 3 to 8, the assigned machine of each job j ∈ N is
iteratively swapped. For each iteration, the objective value
of the new assignment is obtained by solving several MIPi

models. If the new assignment leads to a better objective value,
the assignment is updated, and the local search procedure
continues for the next job; otherwise, just repeat the above-
mentioned steps for another job. The local search approach
terminates until no other jobs remain to be tested.

2) Single-Machine Subproblem: After the rounding proce-
dure devised in Section IV-A1, all the jobs are assigned to
their respective machines for processing. Then, the original
scheduling problem is decomposed into several single-machine
scheduling problems with TOU electricity price, also known
as 1| TOU|Cmax, TEC. In addition, these single-machine
subproblems with TOU electricity pricing policy share the
same objective function as it is with the MISOCP model. The
formulation for the single-machine scheduling subproblem
with TOU electricity price is as follows:

MIPi : min α · ξ

TWT
+ β · TEC

MEC
(23)

s.t.
∑

t∈K

y jt − p j = 0, j ∈ N (24)

∑

j∈N

y jt ≤ P Lt , t ∈ K (25)

z jt ≥ z jt−1 + z jt+1 − 1, t ∈ K\{1, k} (26)

y jt ≥ (z jt−1 + z jt+1 − 1)P Lt ,

j ∈ N, t ∈ K\{1, k} (27)

z jt ≤ y jt ≤ z jt P Lt , j ∈ N, t ∈ K (28)

z jt + z jt+1 + z j �t + z j �t+1 ≤ 3,

j, j � ∈ N, t ∈ K\{k} (29)

ξi ≥ PSt z jt +
∑

j �∈N

y j �t , j, j � ∈ N, t ∈ K (30)

TEC =
∑

t∈K

y jtet , (31)

z jt ∈ {0, 1}, j ∈ N, t ∈ K (32)

y jt ≥ 0, j ∈ N, t ∈ K . (33)

In the MIPi model, the objective function (23) minimizes
the sum of weighted productivity and electricity usage ratio.
Constraint (24) ensures that each job completes its processing.
In Constraint (25), the actual processing of job j at time period
t should be shorter than or equal to the length of time period
t . Constraint (26) guarantees that job j is processed at time
period t if job j is processed at both time periods t − 1 and
t +1. Constraint (27) illustrates that the actual processing time
of job j at time period t equals the length of time period t
if job j is processed at both time periods t − 1 and t + 1.
In Constraint (28), the actual processing time of job j at time
period t is larger than or equal to 1 if job j is processed at
time period t , and the actual processing time of job j at time
period t equals 0 otherwise. Constraint (29) ensures that there
is at most one job that could be processed at both time periods
t and t + 1 on each machine. Constraints (30) and (31) define
the makespan and total electricity cost, respectively. Constraint
(32) denotes the binary decision variables. Constraint (33)
denotes the continuous variables.

In the RSOCP model, the makespan is denoted via ξ =
max ξi ∀i ∈ M , where ξi is the makespan of machine i .
It means that the value of ξ would change if and only if
the value of max ξi changes. In MIPi , given that the variable
xi j has been fixed as a binary integer value, the objective
makespan ξ̂ would be greater than it is of RSOCP. Then,
the processing of each job is considered to be moved to the
other time period with a lower electricity price to reduce
the electricity cost on each machine i , where i �= î and
î = arg max ξi . Apparently, the makespan of each machine i
is bounded by ξ̂ to maintain the value of maximum makespan.
Then, the improved model for single-machine scheduling
problem with TOU electricity cost on machine i �= î is
formulated as follows:

RMIPi : min β · TEC

MEC
(34)

s.t. ξ̂ ≥ PSt z jt +
∑

t �∈K

y j �t , j ∈ N, t ∈ K

(24)−(29), (31)−(33) (35)

where ξ = max ξi for ∀i ∈ M . In RMIPi , the objective
function (34) is aimed to minimize the electricity cost only.
Constraint (35) guarantees that the makespan should not
exceed the value of ξ̂ .
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Algorithm 1 F-SOC Approximate Algorithm

1 Initialization, m, n, k is the number of machines, jobs
and time periods respectively.

2 Obtain the relaxed solution xi j by solving RSOCP model.
3 for j=1:n do /*Local search*/
4 for i=1:m do
5 Let xi j = 1, and xi � j = 0 ∀i � ∈ M \ {i};
6 Solve the MIPi models based on the new assignment

plan, and let v � be the sum of objective values by
solving MIPi model;

7 if v � < v∗ then
8 Replace the assignment plan by this new

assignment plan;

9 Let ξ be the makespan of the current scheduling plan,
and solve the RMIPi model ∀i ∈ M .

10 Output the assignment plan and the scheduling plan for
each machine.

Fortunately, the MIPi and RMIPi models are mixed-integer
linear programming problems with n(i) · k binary variables,
where n(i) indicates the number of jobs assigned to the i th
machine. It is observed that the scales of n(i) and k are both
in a manageable range, which makes the two single-machine
scheduling models solvable via CPLEX in a short period of
time, usually less than 300 s. Hence, the scheduling plan of
each machine can be obtained by solving its respective MIPi

and RMIPi in sequence. In other words, the solution of MIPi

for i = arg max ξi is employed as an upper bound to guide the
optimization model of RMIPi � for i � �= i and i � ∈ M , which
then serves to constitute the schedule of the original problem.

3) Pseudocode for F-SOC Approximate Algorithm: To sum
up, in the proposed F-SOC approximate algorithm, the RSOCP
model is tackled by CVX in the first place. Whereafter,
the relaxed decision variable xi j is rounded to an integer by
the rounding method introduced in Section IV-A1. Based on
the rounded decision variable xi j , all jobs are assigned to
their respective machines. Hence, the original scheduling prob-
lem could be easily decomposed into several single-machine
scheduling problems with TOU electricity cost. To attack the
decomposed subproblems, the MIPi model is proposed to
solve the i th single-machine scheduling problem. Moreover,
the RMIPi model with only the electricity cost in the objective
function is proposed to improve the quality of scheduling
by arranging a job sequence on each machine. In detail,
the pseudocode of the F-SOC approximate algorithm is shown
as follows.

B. Lower Bound Algorithm and Dispatch Rule

In Section IV-A, an approximate algorithm is proposed
to obtain the approximate solution of the unrelated parallel
machine scheduling problem with TOU electricity cost. Due to
the complexity of the original problem, in order to measure the
quality of the solution in our approximate algorithm, a lower
bound algorithm is proposed by relaxing several constraints of
the original problem.

In the lower bound problem, the preemption is allowed for
each job. Moreover, it is assumed that each job j ∈ N incurs
the same processing time on each machine, as if it is processed
on the fastest machine, that is, p̃ j = mini∈M pi j . For each job
to be processed, the scheduling problem is now reduced to P|
TOU| Cmax, TEC. Therefore, the optimal value of the relaxed
problem provides a lower bound, which is strictly less than the
optimal value of the original problem.

In order to obtain the optimal objective value of the lower
bound problem, a dedicated method is designed based on
dynamic programming and a greedy algorithm. The aim is
to move the jobs’ processing to the time periods with the
lowest electricity cost, so as to decrease the objective value.
In order to justify the existence of such a lower bound
solution satisfying the parallel machine scheduling setting,
the following theorem is introduced.

Theorem 1: In the lower bound model, there always exists
an optimal solution where all the machines share an identical
scheduling plan.

Proof: Assume that there is a single machine i that
involves a different scheduling plan in time period t and shares
the same schedule in other time periods t � �= t with all the
other machines, where i ∈ M and t, t � ∈ K . Let ϕit denote the
total processing time (workload) of machine i in time period
t ; if ϕit �= ϕi �t∀i � ∈ M , then one better solution would be
to redistribute | ϕit − ϕi �t |, so as to balance the workload on
each machine. Thus, it will not increase the objective value by
assigning the average workload

∑
i∈M ϕit/m to each machine

equally. The following two different scenarios are considered.
1) If time period t is not the last time period in which

jobs complete processing, the makespan and electricity
cost will not be changed by assigning the workload∑

i∈M ϕit/m to each machine equally.
2) If time period t is the last time period in which jobs

finish processing, the makespan will be reduced by
assigning the average workload

∑
i∈M ϕit/m to each

machine, where the current workload assignment is not
an optimal solution. However, the electricity cost will
stay unchanged because the total processing time of
jobs on all the machines in time period t is constant.
Therefore, under the optimal solution assumption, any
optimal workload schedule having different job-machine
couplings in the last time period of processing could
be equivalently transformed to the balanced work-
load assignment via redistributing

∑
i∈M ϕi t/m to each

machine.
Therefore, for each time period, the workload could be

assigned to each machine following the same procedure. Since
the initial nonidentical scheduling plan is also optimal for the
relaxed problem, there exists an optimal solution where all the
machines share the same scheduling plan for the lower bound
problem. �

Based on Theorem 1, only one machine needs to be
considered for the optimal scheduling in the lower bound
problem, and all the other machines maintain exactly the same
scheduling plan. Let pq denote the actual processing time
of jobs in time period q . In order to improve the solution,
the jobs’ processing in the qth time period is moved to other
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Fig. 2. Instance of a moving step in the lower bound algorithm.

time periods with less expensive electricity costs when the
machine is available.

During the design of the workload moving algorithm,
straightforward thinking would be to spread the workload of
time period q to all the other time periods and choose the best
outcome based on the respective objective value. However,
there is a drawback on this method that will possibly cause
the workload to be moved back and forth to the time period
q , and it could cause a significant time delay in deriving the
best solution.

In order to handle this problem, all the time periods are
ordered according to their electricity price, and ρ1, ρ2, . . . , ρk

are used to denote the index for the decreasing order of
time periods according to their electricity prices. Specifically,
if et1 = et2 and t1 < t2, then we have ρq = t1 and
ρq+1 = t2. In the initial solution of the scheduling, all the jobs
are processed to minimize the makespan, i.e., each machine
will process jobs within the time interval [0,P/m], where
P = ∑

j∈N p j . Whereafter, we will introduce the workload
moving method based on the above-ordered time periods.
While implementing the method, we could only consider the
schedule on one machine since all the machines synchronize,
as it is indicated in Theorem 1.

In the workload moving procedure, the time periods are
considered from the most expensive one ρ1 to the cheapest ρk .
If there exists workload in time period ρq , then let pρq denote
the jobs’ processing time in time period ρq , and let I ρq� be
the machine idle time in time period ρq � ∀q � ∈ q + 1, . . . , k.
Then, the workload moving strategy is as follows.

1) If pρq ≤ I ρq� , move the workload pρq to the time period
ρq � .

2) If pρq > I ρq� , move a part of the workload I ρq� to the
time period ρq � , and the remaining workload pρq − I ρq�

will be moved to the future time period.

An iteration-based algorithm is then designed to find the
optimal schedule for the lower bound problem. Let Dρq

∀q ∈ K denote the best schedule after moving the workload
of time period ρq to periods ρq+1, ρq+2, . . . , ρk . As for the

boundary condition, let Dρ0 denote the initial scheduling
plan, and V (Dρq ) is used to represent the objective value
for the scheduling plan Dρq . Hence, the iteration formula is
demonstrated as follows:
V (Dρq ) = min{V (Dρq−1), V (Dρq−1) − V (γρt ,ρπ

)}, ∀q ∈ K

(36)

where γρq ,ρπ
denotes the moving of workload in time period

ρq to the time period set ρπ , and V (γρq ,ρπ
) stands for the

decreased objective value after the moving operation γρq ,ρπ
.

In particular, π is a subset of {q + 1, . . . , k}, which means
that the workload in time period q will not be moved to an
earlier time period. In fact, it could be proved that the objective
value will not decrease by moving the workload to an earlier
time period, which is illustrated in Theorem 2. An instance to
implement this search algorithm is shown as follows.

As it is shown in Fig. 2, an instance of a typical workload
moving in the lower bound algorithm is demonstrated. The
index of time periods is labeled on the top of each colored
square, and the time periods with different electricity prices are
marked by different colors, i.e., the red squares represent time
periods with on-peak electricity price, the yellow time periods
have mid-peak electricity price, and the green squares indicate
regions with off-peak electricity price. In order to demonstrate
the improvement of both steps more explicitly, it is assumed
that α ·m ·(e2−e3)/MEC ≥ β/MP and α ·m ·(e2−e5)/MEC ≥
β/MP.

In Step 1 of Fig. 2, the workload of time period 2 (on-peak)
is moved to time period 3 (mid-peak), which has a larger
index and idle time. However, the idle time of time period
3 is less than the workload of time period 2. Then, in Step
2, the remaining workload from Step 1 is moved to another
time period with an even larger index and idle time, which
is now sufficient to contain the rest of the workload. Fig. 2
showcases a typical job reallocation procedure implemented by
the lower bound algorithm. In Algorithm 2, the nonpreemption
constraint has been relaxed, thus making the obtained optimal
solution better than that of the original problem. In real cases,
the production could be under the preemption setting; however,
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Algorithm 2 Lower Bound Algorithm

1 Initialization, let P/m be the total workload that the jobs
should be processed on one machine.

2 Let the jobs be processed on time period 0 to P/m, and
its objective value is vopt.

3 Let ρ1, ρ2, . . . , ρk be the index of time periods with the
decreasing order of electricity price. Besides, if et1 = et2
and t1 < t2, then ρq = t1, ρq+1 = t2.

4 for q=1:k do
5 Let pρq be the actual workload in time period ρq .
6 for s = q : k do
7 if I ρs �= 0 then
8 if α · m · (eq − es)/MEC ≥ β/MP then
9 if I ρq� ≥ pρq then

10 Move the processing pρq to time periods
ρs , and let v � be the objective value of the
derived schedule

11 else
12 Move the amount of workload I ρq� to

time periods ρs , and move the rest
workload to other time periods which
obey the inequality
α · m · (eρq − eρs )/MEC ≥ β/MP. Let v � be
the objective value of the derived schedule

13 if vopt ≥ v � then
14 Save this scheduling plan as the current

scheduling plan;

since the processing sequence is altered, the installation and
accurate positioning of the job on mechanical working should
be taken into account. To facilitate the demonstration of the
workload moving method, the pseudocode of the lower bound
algorithm is listed as follows.

Let eρs denote the electricity price of the time period ρs .
In the lower bound algorithm, the amount of workload to be
moved equals min{pρq , I ρs }. Let γρq ,ρs ,t stand for the moving
of workload t from time period ρq to ρs , and V (γρq ,ρs ,t )
represents the improved objective value. Then, the following
lemma could be obtained.

Lemma 4: Given time periods q, s ∈ K , if V (γρq ,ρs ,1) ≥
0, then ∀t ∈ [0, min{pρq , I ρs }], and the inequality
V (γρq ,ρs ,min{pρq ,Iρs }) ≥ V (γρq ,ρs ,t ) holds.

Proof: In the lower bound algorithm, if V (γρq ,ρs ,1) ≥ 0,
the inequality holds α ·m ·(eρq −eρs )/MEC ≥ β/MP. It means
that by moving one more unit of workload from time period
ρq to ρs , the objective value decreases, i.e., V (γρq ,ρs ,2) −
V (γρq ,ρs ,1) ≥ 0. Thus, the objective value V (·) is monotoni-
cally increasing with respect to t , which is equivalent to state
that ∀t ∈ [0, min{pρq , I ρs }], V (γρq ,ρs ,min{pρq ,Iρs }) ≥ V (γρq ,ρs ,t).
�

Based on Lemma 4, the number of workload moving could
be reduced significantly since the workload is now moved
based on the time period instead of the time slot. For each time
period t ∈ K , the workload is redistributed to the other k − 1
time periods following a determined order. Hence, it could be

easily proved that the computational complexity of the lower
bound algorithm is O(k2), where k is the number of time
periods.

Theorem 2: The lower bound algorithm constructs an opti-
mal schedule for the lower bound problem.

Proof: For two different time periods ρt and ρt � , let ρt >
ρt � , where t, t � ∈ K . Then, we aim to prove that if moving
the workload from time period ρt to ρt � in the lower bound
algorithm, the objective value will not decrease.

Assume that there is an instance where by moving the
workload from time period ρt to ρt � , the objective value could
be reduced. Hence, the moving has to cause reduction of the
makespan because eρt ≥ eρt � . Let w be the last time period
where there is a positive workload. The makespan could be
reduced only by moving the workload in time period w to w�,
where w� < w∀w� ∈ K .

In the lower bound algorithm, the initial schedule is pro-
posed with the minimum makespan. Hence, in the first step of
moving, the makespan would not decrease. In the later steps,
the makespan could be reduced only by moving the workload
in time period w to w�, where w� < w∀w� ∈ K . However,
if this situation is true, it means that the workload could be
moved to a better location in the earlier moving steps. This
situation violates the rule of a lower bound method, which
requires the workload to be moved to the location where it
could reduce the objective value to the most extent.

Therefore, by moving the workload from time period ρt

to ρt � , it could not reduce the objective value. Moreover,
it also means that the lower bound method has searched
all the moving possibilities, and an optimal solution is
guaranteed. �

After introducing the lower bound method, a dispatch
rule-based algorithm is proposed to obtain the upper bound of
the optimal objective value for the unrelated parallel machine
scheduling problem with TOU electricity price. In the dispatch
rule, we consider a straightforward approach to assign all
the jobs to the machines with the minimum job-machine
processing time. Thereafter, without considering the effect
of TOU electricity cost, the jobs will be processed on their
corresponding machines one by one. The pseudocode of the
upper bound algorithm is shown as follows.

V. COMPUTATIONAL RESULTS

A reported survey of 43 TOU pricing programs targeting
industrial customers is offered by U.S. utility [22]. In their
research, the TOU policies can be reduced to two models
based on the number of on-peak time periods. That is, Mid-
Peak→On-Peak→Mid-Peak→Off-Peak and Mid-Peak→On-
Peak→Mid-Peak→On-Peak→Off-Peak. Hence, in Section V,
these two typical TOU electricity pricing policies are consid-
ered. To elaborate, the TOU electricity prices of our compu-
tational examples are listed as follows.

In Table I, the electricity price of the off-peak, mid-peak,
and on-peak scenarios are assumed as 4, 2, and 1 for the sake
of simplicity. In Policy A, there are one on-peak time period,
one off-peak time period, and two mid-peak time periods.
In comparison, there is one additional on-peak time period
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Algorithm 3 Dispatch Rule-Based Algorithm

1 Initialization, m, n, k is the number of machine, job and
time period respectively. P is the set of processing time
and PL is the set of length of each time period.

2 Obtain the relaxed solution xi j .
3 for j=1:n do
4 Find the index î of maximal xi j , let xî j = 1 and

xi j = 0 for all i ∈ M\î .

5 Scheduling the jobs one by one on each machine without
idle time, let vo pt be the objective value of this
scheduling.

6 for j=1:n do
7 for i=1:m do
8 Let xi j = 1 and xi � j = 0 for all i � ∈ M\i , let v � be

the objective value of this scheduling.
9 if v � ≤ vopt then

10 Saving the new scheduling plan
11 else
12 Return to the last scheduling plan

13 Calculate the objective value of the original scheduling
problem.

TABLE I

TOU ELECTRICITY PRICING POLICY

in Policy B. These two TOU electricity pricing policies would
be employed to test our algorithms.

In this section, we present a series of computational exam-
ples to test the performance of the proposed method. All the
algorithms listed here are implemented by MATLAB R2016a.
The numerical experiments are performed on a laptop with a
3.1-GHz CPU and 8-GB memory. The RSOCP model would
be solved by CVX, and the MIPi and RMIPi models would
be solved by CPLEX 12.6 with a stopping time of 300 s.
In order to compare with the optimal solution, the RMIP model
is solved via CPLEX, where the variable xi j t is used to replace
xi j and z jt , with a stopping time of 3600 s. Although solving
the RMIP model is supposed to reach optimality, due to the
curse of dimensionality, the computation time is huge as the
size of the problem grows.

In this section, we compare the performance of the F-SOC
algorithm with the lower bound method, CPLEX, and the dis-
patch rule-based algorithm. The numerical instances are cate-
gorized in terms of the number of jobs, i.e., n ∈ {8, 10, 12, 14}
(small-scale instances), n ∈ {20, 25, 30, 35} (medium-scale
instances), and n ∈ {40, 50, 60, 70} (large-scale instances).
Moreover, the instances are also categorized by the number of

TABLE II

PERFORMANCE COMPARISON FOR SMALL-SCALE INSTANCES

machines, m ∈ {3, 5, 7}. In the objective function, the weights
of productivity and electricity cost are designated as α = 0.7
and β = 0.3. Besides, to simulate the actual variations of
manufacturing processes, the processing times of jobs are
uniformly distributed with respect to U[20,50].

In Tables II–IV, the average performances of the proposed
algorithm over 30 randomly generated instances for small to
large scale are reported, respectively. Each instance is solved
by CPLEX, the lower bound method, the F-SOC algorithm,
and the dispatch rule-based algorithm.

Let V(algorithm) represent the objective value obtained
by an algorithm. In small-large instances, the following per-
formance indicators are to describe the effectiveness of the
algorithms. Gap LC is defined as the difference between lower
bound method and CPLEX solution, and it is obtained via
[V(LB) − V(CPLEX)]/V(LB) × 100%. This indicator could
be used to illustrate the closeness of the solutions obtained
via a lower bound algorithm and the optimal solution. Gap
L is to measure the difference between the proposed F-SOC
algorithm and the lower bound method, and it is calculated as
[V(F-SOC)−V(LB)]/V(F-SOC)×100%. Gap C is to demon-
strate the difference between the proposed F-SOC method
and CPLEX solution; it could be obtained via [V(F-SOC) −
V(CPLEX)]/V(F-SOC) × 100%. Gap LD illustrates the dif-
ference between the upper bound and the lower bound, which
is derived as [V(Dispatch rule) − V(LB)]/V(Dispatch rule) ×
100%. Since CPLEX could not obtain an optimum solution
for medium to large size problems in 1 h, the performance
indicators Gap LC and Gap C may not be accurate to describe
the performance of the proposed F-SOC and lower bound
algorithms. Although the two indicators could be applied
to obtain the closeness of the proposed methods and the
optimum solutions in small-size problems, in medium and
large problems, Gap LD together with Gap L could pinpoint
the relative gap between the proposed F-SOC and the optimum
solution, which is located in between the obtained two bounds.

In Table II, the average results of over 30 trials
for small-scale instances are reported. For these cases,
the scheduling problem could be solved by CPLEX quickly.
It should be pointed out that the small-case instances always
can be solved in seconds via CPLEX. However, the CPU
time of CPLEX would increase sharply when the number of
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TABLE III

PERFORMANCE COMPARISON FOR MEDIUM-SCALE INSTANCES

variables up to the determine lever. This phenomenon can be
observed in Table III. When the number of machines is 3, Gap
LC is always less than 4%, and Gap C is also less than 4%.
Although Gap LC and Gap C would increase with the number
of machines, the values of Gap LC is always less than 8%,
and the value of Gap C is always less than 6% and 8% for the
instances where m = 5 and m = 7, respectively. It means that
both the solutions of the lower bound method and the F-SOC
algorithm are quite close to the optimal solution. Interestingly,
Gap C would decrease with the increasing number of jobs.
In these small-scale instances, the dispatch rule-based method
and F-SOC algorithm have similar gaps between the lower
bound approach.

The computation result of medium-scale instances is
reported in Table III. The CPU time of CPLEX increases
rapidly in comparison with the small-scale instances. In detail,
the F-SOC algorithm has significantly shorter CPU time than
CPLEX when the number of jobs is large than 20. It should
be pointed out that CPLEX does not always provide an
optimal solution, given the stopping time is preset as 3600 s.
In the medium-scale instances, both the lower bound method
and F-SOC algorithm have smaller gaps than the small-scale
instances. The values of Gap C are less than 2%, 4%, and 5%
for the instance where m = 3, m = 5, and m = 7, respectively.
Moreover, the Gap LD between the lower bound and the upper
bound becomes significantly larger than the Gap C, which
measures the difference between our proposed algorithm and
CPLEX solution.

Table IV demonstrates the computation result of large-scale
instances. In these instances, all the CPU times of CPLEX are
equal to 3600, which means that CPLEX cannot solve to opti-
mum under this problem scale setting. However, the solution
of CPLEX could still be regarded as quite close to the optimal
solution, because Gap LC, the gaps between lower bound and
CPLEX, is less than 7%, 5%, and 8% for the instance where
m = 3, m = 5, and m = 7, respectively. Moreover, the values
of Gap C, the gaps between F-SOC and CPLEX solutions,
are less than 1%, 3%, and 3% for the instances where m = 3,
m = 5, and m = 7, respectively. In large-scale instances,
the value of Gap LD increases dramatically, which indicates
that the upper bound may not be tight without considering
the effect of TOU electricity cost. In the large-scale instances,
the F-SOC algorithm has significantly shorter CPU time than

TABLE IV

PERFORMANCE COMPARISON FOR LARGE-SCALE INSTANCES

TABLE V

PERFORMANCE COMPARISON FOR DIFFERENT WEIGHTS

CPLEX and nearly objective value with CPLEX. Specially,
the F-SOC algorithm has better objective value than CPLEX
for several instance, i.e., m = 3, n = 50 and m = 3, n = 60.

Tables II–IV represent the trend that the F-SOC algorithm
has gradually less gap of objective value than CPLEX. Mean-
while, the CPU time of the F-SOC algorithm is increased
significantly slower than CPLEX. In industry applications,
a large number of jobs are considered, but the solving time
is limited. Hence, the F-SOC algorithm can play an important
role in industry application.

Since, in reality, different levels of emphasis could be
assigned to productivity and electricity cost, we then test
the instances for different weights of terms in the objective
function. In the instances mentioned earlier, the number of
machines and jobs are assumed as n = {20, 50} for 3, 5, and
7 machines. The computation results are shown as follows.

In Table V, the performance comparison of F-SOC algo-
rithm for different weights is illustrated. The gap employed
here is Gap C, which could be calculated via (V(F-SOC) −
V(CPLEX))/V(F-SOC) × 100%. This gap increases slightly
with the decrease of α/β ratio. In particular, this gap reaches
its largest value when α = 0.1 and β = 0.9. However, under
each weight setting, the value of the gap will not exceed 3%,
4%, and 5% for the instances where m = 3, m = 5, and
m = 7, respectively.

Meanwhile, the instances under various electricity pricing
policies are also examined to validate the performance of the
F-SOC approximate algorithm, and the performance analysis
is shown in Table VI.

In Table VI, the gap used is also Gap C, which could be
calculated as (V(F-SOC) − V(CPLEX))/V(F-SOC) × 100%.
It is observed that the gaps for Policy A and Policy B have
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TABLE VI

PERFORMANCE COMPARISON FOR DIFFERENT POLICIES

Fig. 3. Algorithm performance comparison for the instances when m = 3.
(a) Gap. (b) CPU time.

Fig. 4. Algorithm performance comparison for the instances when m = 5.
(a) Gap. (b) CPU time.

a similar trend, which, in general, increases as the number
of machines increases and decreases as the number of jobs
increases. Besides, the gaps for different pricing policies with
the same job-machine numbers are rather close.

To better depict the relationship between various settings
of job-machine pairs, the curves of the above-defined gaps
are presented in Figs. 3–5. In Fig. 3, the average algo-
rithm performance over ten trials for the instances where
m = 3 are portrayed. It also shows that the value of Gap C
would decrease with the increasing number of jobs. Moreover,
the value of Gap C is always less than 4% when the number
of machines is equal to 3. Gap L and Gap LD have similar
values when n ≤ 15, but the value of Gap L becomes smaller
than the value of Gap LD to a great extent when n > 15. The
CPU times of the F-SOC algorithm, lower bound method, and
dispatch rule-based approach increase slowly with the increase
of the number of jobs, while the CPU time of CPLEX is
skyrocketing when n > 15.

Similarly, the average results over ten trials for the instances
where m = 5 are depicted in Fig. 4. In general, the gaps
emerge a similar trend, as shown in Fig. 3. However, the values
of Gap C are always less than 6%. Specifically, when the
number of jobs is equal to 6, 10, or 12, the value of Gap LD

Fig. 5. Algorithm performance comparison for the instances when m = 7.
(a) Gap. (b) CPU time.

Fig. 6. Gaps between F-SOC and CPLEX results for various values of n
and m.

is less than the value of Gap L. However, when the number
of jobs grows larger than 15, the values of Gap C become
significantly less than the values of Gap LD.

In Fig. 5, the average computation outcomes over ten trials
for the instances where m = 7 are portrayed. It could be
observed that the values of Gap C maintain a decreasing trend
with the increasing number of jobs, and as the number of jobs
exceeds 30, the value of Gap C is always less than 2.5%.

In order to reflect the statistical properties of the proposed
F-SOC algorithm, as shown in Fig. 6, the box plot depicts
the gap between F-SOC and CPLEX solution over 21 com-
binations in terms of job and machine numbers. Each of the
job-machine combinations consists of 30 randomly generated
instances with their statistics drawn. For most of the instances,
Gap C would not exceed 5%, 7%, and 10% when m = 3,
m = 5, and m = 7, respectively. Although there are several
outliers marked in the figure, the gap values of most extreme
outliers tend not to exceed 15% in the statistical analysis
outcome. Furthermore, there is a clear decreasing trend of gaps
in each group with a fixed number of machines as the number
of jobs increases. There is a slight increase in gap value for
the same amount of jobs with the increasing of machines.

VI. CONCLUSION

In this study, the unrelated parallel machine scheduling
problem with the TOU electricity pricing policy is explored.
With a multiobjective MQIP model, an equivalent MISOCP
is formulated with a group of SOC constraints and some
special treatments of the binary integer programming. A series
of cutting planes are designed based on the unique structure
of the problem. It is proven that the optimal scheduling plan
of MISOCP could be rescheduled as the optimal scheduling
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plan of MQIP. However, the optimal solution of the MISOCP
model is still difficult to obtain due to the existence of binary
variables. Hence, the continuous relaxation is implemented to
handle the SOCP model. Then, the RSOCP model, the relaxed
version of SOCP, is solved by the local search-based F-SOC
algorithm to obtain a high-quality solution with fast speed.
In comparison, the optimal solution of MISOCP could also
be derived via the B&B method based on the SOCP model,
which would require a large amount of computation time.
Moreover, we also design a lower bound algorithm to obtain
the lower bound of MQIP. It is proven that the proposed
lower bound method could always find an optimal solution
for the relaxed scheduling problem without nonpreemption
constraint. Meanwhile, a dispatch rule-based approach is
introduced to provide an upper bound of MQIP by ignoring
the TOU electricity cost. In the numerical analysis section,
an extensive experiment is conducted for various sizes of
instances randomly generated. Statistically, it is observed that
the proposed F-SOC algorithm could obtain a high-quality
solution, which is, in general, within the 4% gap from CPLEX
solution, in a short period of time (7 min for 70 jobs). It is
also found that the proposed lower bound approach could
maintain a narrow gap from the CPLEX solution, with an even
faster computation speed (approximately 0.01 s). To further
demonstrate our algorithm, the original scheduling problem
with various weights on productivity and electricity cost is
analyzed. Besides, different outcomes due to two types of
typical TOU electricity pricing policies are presented. For
industrial applications, the proposed approximate algorithm
could be employed to generate near-optimal scheduling plans
for factories with unrelated parallel machines and distribu-
tion strategy for the distributed manufacturing network with
unrelated parallel production centers. Taking into account
various electricity pricing regulations enforced by the local
government, and different emphasis put on the makespan as
well as the energy cost, the F-SOC as well as the lower bound
algorithms could yield desirable scheduling results in a timely
fashion.
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