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Abstract
In the current study, an unrelated parallel machine scheduling problem with release dates is
considered, which is to obtain a job assignment with minimal sum of weighted completion
times. Although this problem is NP-hard in the strong sense, which renders the optimal-
ity seeking a formidable task within polynomial time, a 4-approximation algorithm based
on the constant worst-case bound is devised and proved in comparison with the existing
16/3-approximation (Hall et al. in Math Oper Res 22(3):513–544, 1997). In the newly pro-
posed algorithm, the original scheduling problem is divided into several sub-problems based
on release dates. For each sub-problem, a convex quadratic integer programming model is
constructed in accordance with the specific problem structure. Then a semi-definite program-
ming approach is implemented to produce a lower bound via the semi-definite relaxation of
each sub-problem. Furthermore, by considering the binary constraint, a branch and bound
based method and a local search strategy are applied separately to locate the optimal solu-
tion of each sub-problem. Then the solution of the original scheduling problem is derived
by integrating the outcomes of the sub-problems via the proposed approximation algorithm.
In the numerical analysis, it is discovered that the proposed methods could always obtain
a scheduling result within 1% of the optimal solution. And an asymptotic trend could be
observed where the quality of solutions improves even further as the scale of the scheduling
problem increases.

Keywords Unrelated parallel machine scheduling · Release dates · Semi-definite
programming · Approximation algorithm · Branch and bound

1 Introduction

Parallel machine scheduling, as a challenging but fruitful field, exerts a great influence on
improving the productivity ofmanufacturing systems. In the present paper, a special scenario,
unrelated parallel machine scheduling with release dates, stemming from the general parallel
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machine scheduling setting is investigated. The underlined scheduling problem considers a
circumstance where n jobs are assigned to m unrelated parallel machines. Specifically, each
job retains its unique release date, priority weight, and unrelated processing time on each
machine. Intuitively, each job is only allowed to start processing after its release date. The
aim of this research is to find a high quality assignment which yields a minimized sum of
weighted job completion times(TWCT).

In literature, extensive studies have been conducted in the area of parallelmachine schedul-
ing without release dates. Chen and Powell (1999) considered a column generation approach
for parallel machine scheduling problems. Similarly, van Den Akker et al. (1999) reported
a column generation based method for P|| ∑ w jC j problem. Lancia (2000) investigated
a scheduling problem under unrelated parallel machines setting with a B&B algorithm to
obtain the minimal makespan. Schulz and Skutella (2002) provided a (2+ ε)-approximation
algorithm and a (3/2+ ε)-approximation algorithm for the Rm|| ∑w jC j problem. Another
approximation algorithm for Rm|| ∑ w jC j problem is obtained by Unlu and Mason (2010).
Since the unrelated parallel machine scheduling is of NP-hard nature, Mokotoff and Jimeno
(2002) designed heuristics for unrelated parallelmachine scheduling problembased on partial
enumeration method. Rodriguez et al. (2012) applied the GRASP method for Rm|| ∑ w jC j

problem, where high-quality solutions are obtained within reasonable computational time.
Recently, Chen (2015) introduced three heuristics for Rm|| ∑ w jC j problem. For these
heuristics, two are based on record-to-record travel, and the other is based on random descent
search. Later, Djurasevic et al. (2016) provided an automatized synthesis of heuristics for the
unrelated parallel machines base on genetic programming.

Within the domain of unrelated parallel machine scheduling, more extensions are made by
Skutella et al. (2016), Mir and Rezaeian (2016) and Cheng and Huang (2017). In particular,
several studies focused on the unrelated parallel machine scheduling problem with hetero-
geneous constraints. Dietrich and Escudero (1993) studied the unrelated parallel machine
scheduling problem with setup time. Arnaout (2019) also considered the unrelated parallel
machines with sequence-dependent setup times, and the objective of this study is to minimize
the makespan. The unrelated parallel machine scheduling problem with time-window was
considered by Lee and Sherali (1994). After that, Daniels et al. (1997) proposed a heuristic
for the parallel machine scheduling problem with flexible-resources. Recently, Siepak and
Józefczyk (2014) studied the unrelated parallel machine scheduling problem with interval
processing times to minimize maximal total regret.

To the best of our knowledge, the first exact approach to deal with scheduling problem
Rm|| ∑ w jC j is proposed by Azizoglu and Kirca (1999b), and the same authors Azizoglu
and Kirca (1999a) also designed two B&B methods to handle the non-identical parallel
machine scheduling. Later, Skutella (2001) provided a convex quadratic integer program-
ming based method for the same problem setting, where a non-convex quadratic integer
programming model is transformed to the convex formulation by changing the positions
of certain independent variables and their respective coefficients. Motivated by Skutella’s
method, in the present paper, the quadratic programming methodology will be applied to
handle Rm|r j | ∑ w jC j , which is divided into several sub-problems without release dates.
Meanwhile, vanDenAkker et al. (1999) implemented thewell-knownSmith (1956)weighted
shortest processing time(WSPT) rule to each of the machines separately. Bülbül and Şen
(2017) extended this formulation to Rm-TWCT setting, and they managed to prove that in
the optimal solution the jobs assigned to each machine should be sequenced in WSPT order,
which indeed acts as a catalyst that inspires us to employ the divide-and-conquer framework.

Recently, the approximation algorithm design for scheduling problems with release dates
are considered in the literature. Specifically, several latest research investigated on the single
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machine scheduling with release dates. For instance, Skutella (2016) proposed a 2.542-
approximation for precedence constrained single machine scheduling with release dates and
an objective of total weighted completion time. Whereafter, Sitters and Yang (2018) con-
sidered a (2+ ε)-approximation for precedence constrained single machine scheduling with
release dates and an objective of total weighted completion time.

For the more general case, the parallel machine scheduling with release dates are consid-
ered. Zhang et al. (2016) proposed a 2-approximation algorithm for two unrelated machine
scheduling problems with machine dependent release dates to minimize the makespan.
Yalaoui and Chu (2006) provided a B&B method for Pm|r j | ∑w jC j problem. Another
B&B algorithm for P|r j | ∑ w jC j problem is introduced in Nessah et al. (2008). Jäger
(2018) proposed an approximate algorithm for identical parallel machine scheduling with
precedence constraints and release dates.

In terms of computational complexity, Lenstra et al. (1977) proved that the single machine
scheduling problem with release dates, which is a special case of Rm|r j | ∑w jC j problem,
is NP-hard. Thus the scheduling problem Rm|r j | ∑ w jC j is alsoNP-hard in nature, meaning
theoptimal schedule cannot bederived in polynomial time.Moreover,Hoogeveen et al. (1998)
proved that Rm|r j | ∑ w jC j is MaxSNP-hardness, which means that Rm|r j | ∑ w jC j prob-
lem does not have polynomial time approximation algorithm. Due to the complexity of the
unrelated parallelmachine schedulingwith release dates, thefirst approximation algorithm for
Rm|r j | ∑ w jC j appeared in Phillips et al. (1997), and they demonstrated an (16+ε)algorithm
with performance guarantee. In the same year, Hall et al. (1997) also considered the problem
Rm|r j | ∑ w jC j , and improved the constant worst-case bound to 16/3 based on the LP-
relaxation. To the best of our knowledge, it is believed that the approximation ratio of 16/3 is
the best known bound for the scheduling problem under constant worst-case setting, which
is recently reassured by Skutella et al. (2016). Although after the year of 1997, there were
several studies focusing on efficiently solving this scheduling problem, only heuristic based
algorithms were devised with no approximation rate guaranteed. For instance, Vredeveld and
Hurkens (2002) conducted an empirical comparison of the polynomial-time approximation
algorithms and local search heuristics for the scheduling problem Rm|r j | ∑w jC j . Later,
Tang and Zhang (2011) proposed a Lagrangian relaxation based algorithm for the same prob-
lem setting. A set of dispatching rules for Rm|r j | ∑ w jC j appeared in Lin and Lin (2013).
More recently, Gao et al. (2019) considered the two-agent scheduling on a parallel-batch
machine to minimize makespan, where jobs have release dates. However, it is necessary to
mention that in Skutella et al. (2016), the authors pointed out that the best-known approx-
imation algorithm is provided by Skutella (2001) and Schulz and Skutella (2002) instead
of Hall et al. (1997). Although the approximation rates are significantly improved over it is
in Hall et al. (1997), it is worth noticing that the bound is the expected guarantee obtained
via random rounding, which is equivalent to state that the underlined algorithms have an
expected performance guarantee 2+ ε for the expected objective function values, but not for
the constant worst-case scenario. Interested readers could always refer to Li and Yang (2009)
and Rodriguez et al. (2013) for their excellent literature reviews.

As for semi-definite programming (SDP) method, Lovász and Schrijver (1991) and Balas
et al. (1994) provided a theoretic framework and a practical method to construct higher-
dimensional polyhedra (or, in some cases, convex sets), in which the projection approximates
the convex hull of 0–1 valued solutions of a system of linear inequalities. Sherali and Adams
(1994) provided an SDP relaxation model for dealing with mixed integer 0–1 programming
problem. For more extensive literature review, the readers can refer to Rendl (2016) for the
latest development of SDP relaxation appeared in the assignment and ordering problems.
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In this research, we consider two new approximation algorithms, namely the divided semi-
definite programming (D-SDP) and the fast divided semi-definite programming (FD-SDP)
algorithm, for Rm|r j | ∑ w jC j problem. In both algorithms, the Rm|r j | ∑ w jC j problem is
divided into several Rm|| ∑ w jC j sub-problems according to their respective release dates.
Each sub-problem, relaxed through semi-definite programming(SDP), can then be solved by
tailored B&B or LS method. In this way, a series of high quality exact solutions to those sub-
problems could be obtained. Then the schedule of the original problem could be constituted
with those sub-problem solutions.

The remainder of this paper is organized as follows. In Sect. 2, we consider amixed integer
programming (MIP) model of Rm|r j | ∑ w jC j problem. The descriptions of our approxi-
mation algorithms are stated in Sect. 3, and the performance of these two algorithms are also
reported in this section. In Sect. 4, the computational results are presented in comparison
with other published approaches. Sect. 5 concludes the paper.

2 Problem formulation

In this section, a detailed formulation for unrelated parallel machine scheduling problem
with release dates is provided. Besides, an MIP model in accordance with the scheduling
formulation will be proposed. Despite only a limited number of independent variables are
contained in the MIP model, due to the curse of dimensionality, the performance of com-
mercial MIP solvers to address this model at large instances is still rather unsatisfactory. For
instance, it takes too much CPU time and memory of computer, if large instances of this
MIP model are attacked by CPLEX, which will eventually render the computational process
hard to implement under practical settings. For that very reason, in this paper, we will use
the outcomes of the commercial solver to compare with the solutions of our two efficient
approximation algorithms, which will be illustrated in detail in Sect. 3.

In the formulation of unrelated parallel scheduling problem with release dates, there is
a job set, N = {1, 2, ..., n}, to be processed on a group of unrelated parallel machines,
M = {1, 2, ...,m}. For each job j ∈ N manufactured on machine i ∈ M , its processing
time is represented as pi j . To illustrate the priority of the jobs to be handled, each job has
its respective weight w j , j ∈ N and release date r j , j ∈ N . The overall objective of this
scheduling problem is to minimize the total weighted completion times.

To facilitate the problem formulation, an MI P model for Rm|r j | ∑ w jC j problem will
be constructed based on the model proposed by Lin and Lin (2013). It is assumed that all
jobs have to be completed by time tmax , where tmax ≥ ∑

j∈N r j + ∑
i∈M

∑
j∈N pi j . Then a

set of discrete time indexes is denoted as T = {1, 2, ..., tmax }. In the formulation, C j stands
for the completion time of job j . The binary decision variable xi j t is equal to 1 if job j starts
processing on machine i at time t , and 0 otherwise, where t ∈ T . The detailed MIP model is
as below,

MI P : min
∑

j∈N
w jC j (1)

s.t .
m∑

i=1

tmax−pi j+1∑

t=r j

xi j t = 1, j ∈ N (2)

n∑

j=1

max{r j ,t}∑

s=max(r j ,t−pi j+1)

xi js ≤ 1, i ∈ M, t ∈ T (3)
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m∑

i=1

r j∑

t=0

xi j t = 0, j ∈ N (4)

C j =
m∑

i=1

tmax−pi j+1∑

t=0

xi j t (t − 1 + pi j ), j ∈ N (5)

xi j t ∈ {0, 1}, i ∈ M, t ∈ T , j ∈ N (6)

In the above MI P model, the number of independent variables xi j t increases with the
value of tmax . To simplify the computation process, the number of independent variables is
reduced by shrinking the span of the planning horizon T , where tmax ∈ T is an upper bound
of the makespan. Function (1) minimizes the total weighted completion time. Constraint (2)
ensures that each job can be processed after its release date on only one machine. Constraint
(3) guarantees that each job can be processed exactly once. In Constraint (4), jobs can not
be processed before their release dates. Constraint (5) defines the value of completion time.
Constraint (6) denotes the boolean variables xi j t = 0 if and only if job j starts processing
on machine i at time t .

Lemma 1 Azizoglu and Kirca (1999b) In Rm|| ∑ w jC j , for each job j ∈ N on machine i ,
we have

Ci j ≤ 1

m

⎛

⎝
∑

j

max
i

pi j +
∑

i ′
max

j
pi ′ j

⎞

⎠ . (7)

where i �= i ′, i, i ′ ∈ M, Ci j is the completion time of job j on machine i .

Based on Lemma 1, further extension could be achieved for Rm|r j | ∑w jC j problem to
locate a better value of tmax . Let Cmax,i = max j∈N Ci j , which is the makespan of machine
i . This tighter bound of Cmax,i could be illustrated through the following lemma.

Lemma 2 In Rm|r j | ∑ w jC j , for each job j ∈ N on machine i , we have

Cmax,i ≤ 1

m

⎛

⎝
∑

j

max
i

pi j +
∑

i ′
max

j
pi ′ j

⎞

⎠ + rl . (8)

where i �= i ′, i, i ′ ∈ M; rl is the release date of the last job.

Proof Consider the worst case scenario for makespan minimization, it is assumed r j =
rl , ∀ j ∈ N . Then this special form of unrelated parallel machine scheduling problem
Rm|r j | ∑ w jC j is equivalent to an Rm|| ∑ w j (C j + rl) problem. Hence we have the fol-
lowing inequality.

Cmax,i ≤ Ci j + rl .

Based on the Inequality (7) of Lemma 1, we have

Cmax,i ≤ Ci j + rl ≤ 1

m

⎛

⎝
∑

j

max
i ′

pi ′ j +
∑

i ′ �=i

max
j

pi ′ j

⎞

⎠ + rl .

�	
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Based on Lemma 2, a better upper bound of the Cmax,i could be obtained, and it can
effectively reduce the number of independent variables. As a result, theMIPmodelmentioned
above could be solved more efficiently in terms of CPU time due to the reduction of tmax .
To better depict the refined planning horizon T , the following corollary is introduced, which
is directly derived from Lemma 2.

Proposition 1 In Rm|r j | ∑ w jC j , the improved upper bound of completion time tmax is

tmax = max
i

Cmax,i = max
i

⎧
⎨

⎩

1

m

⎛

⎝
∑

j

max
i

pi j +
∑

i ′
max

j
pi ′ j

⎞

⎠ + rl

⎫
⎬

⎭
. (9)

where i �= i ′, i, i ′ ∈ M, j ∈ N.

Therefore, in comparison with the original tmax in the MIP formulation, where tmax ≥∑
j∈N r j +∑

i∈M
∑

j∈N pi j , the number of independent variables could be reduced substan-
tially via Proposition 1. As a result, in small-scale instance, the aforementioned MIP model
could be solved by commercial solver much faster. However, due to the intrinsic complexity
of the MIP model, the memory requirements and the CPU time would increase rapidly with
the number of jobs and machines even though the planning horizon T has been improved.
To tackle that issue, new approximation algorithms are needed to solve the MIP model with
medium and large instances.

3 The approximation algorithm

In literature, Lenstra et al. (1977) proved that the single machine scheduling problem with
release dates, 1|r j | ∑w jC j , is strongly NP-hard. Therefore, Rm|r j | ∑w jC j problem, as a
more generalized instance of 1|r j | ∑ w jC j is also NP-hard in the strong sense. Moreover,
Hoogeveen et al. (1998) proved that Rm|r j | ∑ w jC j problem is MaxSNP-hardness, which
means that this unrelated parallelmachine scheduling problemcannot be solved in polynomial
time.

In thepresent paper, highquality approximations of the optimal solution to Rm|r j | ∑w jC j

problem are provided by two new algorithms, namely D-SDP and FD-SDP. In both of these
two algorithms, we first group the jobs according to the non-decreasing order of their release
dates. Then the original problem is divided into several sub-problems based on the ordered
release dates, and these sub-problems could be fully addressed via semi-definite program-
ming based algorithms. After that, the approximation of the optimal solution to the original
problem could be obtained by combining the solutions of the sub-problems. More impor-
tantly, D-SDP algorithm is proved to be a 4-approximation algorithm under the constant
worst case scenario. In the following, we will introduce the divide and combine rules and the
SDP based algorithm for the decomposed sub-problems in detail.

3.1 Divide and combine

In this sub-section, the divide and combine framework will be employed to decompose the
original Rm|r j | ∑ w jC j problem into a series sub-problems. Without loss of generality, a
set of jobs are indexed with regard to their release dates, i.e. r1 ≤ r2 ≤ · · · r j ≤ rn , where r j
is the release date of job j . In order to describe the sub-problem, we firstly define the stage
date of jobs.
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Fig. 1 Illustration of the three job categories

Definition 1 (Stage date) In Rm|r j | ∑ w jC j , each job j ∈ N has a stage date, only after
which the job can be processed. The initial stage date of job j is generated as below,

Gk = r j ,∀k ∈ K .

where i ∈ M , pmax = maxi, j pi j , K = {1, 2, ..., kmax }, kmax is the number of unequal
release dates.

As it is mentioned above, in the newly devised algorithms, the sub-problems are defined
by their respective stage dates in the non-decreasing order. Without loss of generality, a set
of jobs are indexed with regard to their stage dates, i.e. G1 ≤ G2 ≤ ...Gk ≤ Gmax . Then the
sub-problem is defined as follows.

Definition 2 (Sub-problem) In Rm|r j | ∑ w jC j , the kth sub-problem is defined as the
Rm|r j | ∑ w jC j problem for j ∈ Nk , ∀k ∈ K , where Nk is the job set with identical
stage date Gk .

For each job j ∈ N , the stage date Gk is employed to construct job groups, in each of
which the jobs share the same stage date. For the kth such job group Nk , scheduling jobs in
it is defined as the kth sub-problem with the stage date of the sub-problem Gk . More details
about how to handle the sub-problem will be introduced in Substation 3.2.

In the sub-problem, we cannot guarantee that all the jobs in one sub-problem would finish
their processing before the next stage date. Consequently, the next sub-problem would not be
a simple Rm|r j = Gk+1| ∑ w jC j problem, if C j > Gk+1, ∃ job j ∈ Nk . Before addressing
that issue, three job type sets in the sub-problems have been defined based on the completion
time versus the next stage date are listed below.

Definition 3 (Job sets type) In the kth sub-problem, we have

i. Fixed job set: F J Sk = { j |C j ≤ Gk+1};
ii. Straddling job set: SJ Sk = { j |C j − pi j ≤ Gk+1,C j ≥ Gk+1};
iii. Delayed job set: DJ Sk = { j |C j ≥ Gk+1}.

where i ∈ M , k ∈ K , j ∈ Nk .

An illustration of these three kinds of jobs is shown in Fig. 1a. For the fixed and straddling
jobs, their scheduling plans remain unchanged, which means that these two types of jobs
are still considered in the kth sub-problem. While for delayed jobs, it is straightforward
to presume that their stage date has now shifted to Gk+1. Meanwhile, the engaged stages
cannot be simply modeled as an Rm|Gk | ∑ w jC j or an Rm|Gk+1| ∑w jC j problem, since
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the straddling jobs are spanning across at least two stages, the residue processing left from
the last stage will keep occupying the same machine, which violates the assumption that all
the machines are available when the stage starts.

To simplify the situation incurred by delayed jobs, it is assumed that the delayed jobs
are divided into several segments, each of which is fully contained in one stage. Then every
delayed job segment could be considered as an independent new job, and what we have to do
is to guarantee that the delayed job segments are manufactured in one machine continuously
without interruption. An illustration of the new jobs yielded by dividing straddling jobs is
shown in Fig. 1b.

Lemma 3 For each j ∈ SJ Sk processed on machine i , job j is divided into two segments,
ja ∈ SJ S1k and jb ∈ SFS2k with new processing times and weights:

Segment1 : ja
{
pi ja = Gk+1 − (C j − pi j );
w ja = w j .

Segment2 : jb

⎧
⎨

⎩

pi ′ jb =
{
C j − Gk+1, if i ′ = i;
Pj , otherwise.

w jb = Wj .

where i, i ′ ∈ M, Pj and Wj are two sufficiently large real numbers.

Moreover, wewill show that under what conditions the straddling jobs and their respective
new jobswill be processed in a continuousmanner. In other words, these straddling jobs in the
original scheduling problem would not be interrupted by the stage date given certain values
of Pj and Wj . Bülbül and Şen (2017) extended the WSPT rule to the unrelated parallel
machine scheduling problem, and they have proved that the jobs assigned to each machine
are sequenced in the WSPT order in the optimal solution of Rm|| ∑ w jC j problem. Based
on this extension, the following theorem is introduced.

Theorem 1 (Nonpreemption) For each job j ∈ SJ Sk, it obeys the rule of nonpreemption,
given the following conditions

W j

Pj
≥ max

j ′
w′

j

p′
j
,

Pj ≥ C j − Gk+1.

where j ′ ∈ Nk+1.

Proof For each job j ∈ SJ Sk which is processed on machine i and has the stage date Gk .
In the kth sub-problem, the job j b is generated from job j . Its processing time and weight is
generated by Lemma 3.

For job jb, we have the conditions
Wj
Pj

≥ max j ′
w j ′
p j ′

for j ′ ∈ Nk+1. Thus according to

the extended WSPT rule, job j b in the (k + 1)th sub-problem generated by its respective
straddling job which starts processing in the kth sub-problem would be scheduled to be the
first to process, which means that job j b could select any machine i ∈ M . Moreover, due
to the processing time of the job satisfies pi ′ jb = Pj ≥ C j − Gk+1, ∀i ′ ∈ M\{i}, thus
pi jb = C j − Gk+1 ≤ pi ′ jb , which means that the straddling job must be processed on the
same machine to guarantee the optimal scheduling. �	

In the above paragraphs, the divide method has been introduced in detail. Then we need
to consider how to combine the solutions of each sub-problem to obtain the scheduling
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plan of MI P . Based on Theorem 1, it is apparent that the kth sub-problem can be solved
as an Rm|r j = Gk | ∑ w jC j problem with some jobs generated from straddling jobs. In
each sub-problem, the starting time of each job before the next stage date stays unchanged.
Equivalently, we will not change the start time of fixed jobs and straddling jobs. Therefore,
the solution of the original problem MI P can be derived by combining the solutions of all
the sub-problems. Furthermore, the number of jobs in each sub-problem would increase if
the release dates are densely distributed, because in that case the number of straddling jobs
would accumulate. Although it should be pointed out that this divide and combine algorithm
may not be able to obtain the optimal solution of the problem MI P directly, in the following
chapters, it is demonstrated that this approximation algorithm could indeed provide high
quality solutions in computational instances.

3.2 SDPmodel for sub-problem

To locate high quality solutions of Rm|r j | ∑ w jC j problem, in our algorithms, we consider
dividing the original problem into several sub-problems. Moreover, each sub-problem can
be formulated as an Rm|| ∑ w jC j problem. To handle the sub-problems, we firstly consider
the basic Rm|| ∑ w jC j model, which was introduced by Skutella (2001).

QI Pk : min
∑

j, j ′∈N

∑

i∈M
xi jw j

⎛

⎝pi j +
∑

j ′≺i j

xi j ′ pi j ′

⎞

⎠ (10)

s.t .
∑

i∈M
xi j = 1, j ∈ Nk (11)

xi j ∈ {0, 1}, i ∈ M, j ∈ Nk (12)

where xi j equals 1 if job j is processed on machine i , and xi j = 0 otherwise. The precedence
j ′ ≺i j holds if w j/pi j ≤ w′

j/pi j ′ . Function (10) minimizes the total weighted completion
time for all jobs in the kth sub-problem. Constraint (11) ensures that each job can be processed
exactly once. Constraint (12) denotes the boolean decision variables.

Since the formulation QI Pk is well defined, and a 2-approximation scheme is available
to handle the QI Pk model, if we could prove that the sub-problem QI Pk is equivalent to
Rm|| ∑ w jC j problem, then the solution procedure would be greatly simplified.

In our research, each sub-problem can be illustrated as below, which has the similar
formulation as QI Pk model:

˜QI Pk : min
∑

j, j ′∈N

∑

i∈M
xi jw j

⎛

⎝pi j +
∑

j ′≺i j

xi j ′ pi j ′ + Gk

⎞

⎠ (13)

s.t .
∑

i∈M
xi j = 1, j ∈ Nk (14)

xi j ∈ {0, 1}. i ∈ M, j ∈ Nk (15)

where xi j = 1 if job j is processed on machine i , and xi j = 0 otherwise; According to
the WSPT rule, the precedence relation j ′ ≺i j stands if w j/pi j ≤ w j ′/pi j ′ . Function (13)
minimizes the sum of weighted completion times plus stage dates for all jobs in the kth
sub-problem.

Based on the abovemethod, the original problem can be decomposed intoK sub-problems.
The stage date of the (k + 1)th sub-problem is larger than it is of the kth sub-problem,
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∀k ∈ {1, 2, ..., kmax − 1}. Moreover, the optimal solution of each sub-problem QI Pk should
be a local optimum for the job set Nk in the original problem. Hence to combine all the
sub-problems together would yield a relaxation of the original problem.

As stated in Definition 2, the jobs in the same sub-problem share an equivalent stage date.
In other words, all the jobs in the kth sub-problem would be released at Gk , even though the
stage date and release time are defined differently. As a result, these sub-problems could be
expressed in the form Rm|r j = Gk | ∑ w jC j , where each job in Nk is released at Gk . In the
following proposition, we’ll try to show that each sub-problem could be formulated as an
Rm|| ∑ w jC j problem.

Proposition 2 In the kth sub-problem, we have

x∗
i j = ˜x∗

i j ,∀i ∈ M, j ∈ Nk .

where x∗ is the optimal solution of QI Pk and x̃∗ is the optimal solution of ˜QI Pk.

Proof It is observed that the sub-problem ˜QI Pk has an objective function quite similar to
QI Pk model. To fully exploit this feature, the objective function of ˜QI Pk model is reformu-
lated as follows,

∑

j, j ′∈N

∑

i∈M
xi jw j

⎛

⎝pi j +
∑

j ′≺i j

xi j ′ pi j ′ + Gk

⎞

⎠

=
∑

j, j ′∈N

∑

i∈M
xi jw j

⎛

⎝pi j +
∑

j ′≺i j

xi j ′ pi j ′

⎞

⎠ +
∑

j∈N

∑

i∈M
xi jw j Gk

=
∑

j, j ′∈N

∑

i∈M
xi jw j

⎛

⎝pi j +
∑

j ′≺i j

xi j ′ pi j ′

⎞

⎠ +
∑

j∈N
w j Gk .

where the value of
∑

j∈N w j Gk is equal to
∑

j∈N
∑

i∈M xi jw j Gk because
∑

i∈M xi j = 1
in Constraint (14). Besides, it is found that the value of

∑
j∈N w j Gk does not depend on

variables xi j . Also, since ˜QI Pk model has exactly the same sets of constraints as QI Pk
model, thus the QI Pk model and ˜QI Pk model share the same solution space. Therefore,
given the same set of jobs j ∈ Nk , we have x∗

i j = ˜x∗
i j , ∀ i ∈ M . �	

It is proved that each sub-problem can be modeled as an Rm|| ∑w jC j problem in Propo-
sition 2. Now we focus on the sub-problems and try to find the optimal solution of each
sub-problem. As it is recalled, a quadratic integer programming model for the sub-problem
is demonstrated in Sect. 3.2. In Skutella (2001), the author claimed that a semi-definite relax-
ation based method could be used to tackle Rm|| ∑ w jC j problem, which is the equivalent
counterpart of the kth sub-problem ˜QI Pk . To handle that QI Pk model, Skutella also proposed
a convex quadratic method, which is formulated as follows,

CQI Pk : min
1

2
cT x + 1

2
xT Dx (16)

s.t .
∑

i∈M
xi j = 1, j ∈ Nk (17)

xi j ∈ {0, 1}, i ∈ M, j ∈ Nk (18)
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where xi j = 1 if job j is processed on machine i , and xi j = 0 otherwise. x ∈ Rmn denotes
the vector of ordered variables xi j with respect to the natural order of the machines. For each
machine, the jobs are sequenced according to theWSPT rule. Note that for eachmachine i , the
jobs are ordered according to the relation ≺i . The vector c ∈ Rmn is derived by ci j = w j pi j ,
and D = (d(i j)(i ′ j ′)) is a symmetric mn × mn matrix denoted as below,

d(i j)(i ′ j ′) =

⎧
⎪⎪⎨

⎪⎪⎩

w j pi j if i = i′ and j = j ′
w j pi j ′ if i = i′ and j ′ ≺i j
w j ′ pi j if i = i′ and j ≺i j ′

0 if i �= i′

It is worth noticing that matrix D is a semi-definite matrix. Due to the quadratic objective
function and 0–1 boolean variables included in the above modeling, an SDP relaxation
formulation is developed by relaxing the 0–1 constraints. The advantages to apply the SDP
relaxation based method are twofold. On one hand, semi-definite optimization problems are
in principle solvable in polynomial time by CSDP method proposed by Borchers (1999); On
the other hand, the modeling power of SDP relaxation based methods allows us to deal with
optimization models with a quadratic objective function. As a result, the following SDQP
model is proposed.

SDQPk : min
1

2
cT x + 1

2
D · X (19)

s.t . Ax = e (20)

X − xxT 
 0 (21)

diag(X) = x (22)

X ∈ Smn×mn x ∈ Rmn (23)

where A ∈ Rmn×mn is an all one matrix, e ∈ Rmn is an all one vector, and x is a vector of
xi j . Smn×mn represents the set of mn × mn real symmetric matrix, and Rmn represents the
set of mn real vectors.

In the aboveCQI Pk model, the 0–1 constraints are replaced byConstraint (21) in SDQPk .
Moreover, the boolean variables xi j ∈ {0, 1} in CQI Pk model defined above could also be
replaced by a series of valid inequalities, in the form of x2i j = xi j . Then this semi-definite
relaxation could be further tightened by adding Constraint (22), diag(X) = x , which stands
for the cutting plane of the feasible domain in SDQPk model.

3.3 D-SDP and FD-SDP approximation algorithms

In this section, we will introduce our two approximation algorithms in detail, namely D-
SDP and FD-SDP. Albeit the two proposed approximation algorithms share the divide and
combine approach, they diverge to separate routeswhile rounding the non-integer solutions of
the SDQPmodel solved by semi-definite programming methods, which then lead to different
performances in terms of solution accuracy and computation time.

The D-SDP Algorithm.
InD-SDPalgorithm, the Rm|r j | ∑ w jC j problem is divided into several Rm|| ∑ w j (C j+

Gk) sub-problems based on the jobs’ stage dates. For the kth sub-problem, it is solved by
a tailored B&B method based on the bound generated by solving SDQPk . After the opti-
mal solution of the kth sub-problem is obtained, the jobs in the kth sub-problem is handled
by the method proposed in Sect. 3.1. In particular, delayed jobs and a part of straddling
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jobs are moved to the (k + 1)th sub-problems to be considered. Finally, the solution of
Rm|r j | ∑ w jC j problem is obtained by combining the solution of each sub-problem, after
all the sub-problems have been solved. The pseudo code of D-SDP algorithm is shown as
follows.

Algorithm 1: D-SDP

1 Initialization: Arrange the jobs in non-decreasing order with respect to their release
dates. Find the largest processing time pmax = max{pi j } for all i ∈ M, j ∈ N , where
set P is used to record the confirmed scheduling plan;

2 Let G1 ← r1 and k ← 2;
3 for j=2 to n do
4 if Gk = r j then
5 Set Gk ← r j
6 else
7 Set k ← k + 1, Gk ← r j

8 for k=1 to n do
9 The kth sub-problem is composed by the jobs with equality Gk .

10 Let kmax be the number of sub-problems;
11 for k = 1 to kmax do
12 Solve the SDQPk model of kth sub-problem, and find the exact solution by B&B

algorithm;
13 Include the scheduling plan of fixed jobs and straddling jobs into the overall result;
14 If there is a straddling job j processed on machine i , then set a new job with stage

date Gk+1, which has the processing time pl j = C j − Gk+1; Otherwise, ∀l = i ,
pl j = Pj , and the weight is w j = Wj ;

15 If there exists delayed jobs, let the stage dates of these jobs be Gk+1;

16 Obtain the scheduling result by combining the scheduling plans of jobs in set P;
17 Calculate the sum of weighted completion times of the original jobs in set P .

The pseudo code for the tailored B&B method is in Step 12 of D-SDP algorithm. In the
B&B method, the cutting plane xi j = 1 is added to SDQPk model to calculate the bound of
the target branch.

In D-SDP algorithm, an objective value which is closer to the exact optimal solution
could be obtained for both medium scale and large scale instances. The CPU time of this
algorithm will only increase with the number of jobs and machines but not the value of
tmax . However, the B&B method in D-SDP algorithm will incur higher cost, since the semi-
definite programming based approach needs to be revisitedmultiple times, which is quite time
consuming compared to one time visit. To resolve that issue, a local search based algorithm
will be introduced, which is significantly faster, and the quality of solutions is acceptable
even though it might not obtain the optimal solution for each sub-problem.
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Algorithm 2: Branch and Bound
Input: The relaxed scheduling plan P and its objective value
Output: The exact scheduling plan P̃

1 for j=1 to number of jobs in the kth sub-problem do
2 If xi j is the maximum for all i ∈ M , then set xi j ←1, otherwise set xi j ←0;

3 Add the scheduling plan to P̃;

4 Let the initial bound B equal to the objective value of the scheduling plan P̃;
5 Let the nodes which have not been visited or fathomed be active nodes and set
Vmin ←inf;

6 for j̃=1 to number of jobs in kth sub-problem do
7 for ĩ=1 to m do
8 while current node is active node do
9 Add the constraint xĩ j̃ = 1 to the SDQPk model of its parental node;

10 Solve the SDQPk model of the current node and let LBĩ j̃ be the lower bound

of the current node;
11 if LBĩ j̃ ≤ B then
12 Set B ← LBĩ j̃ ;

13 else
14 if ĩ �= m then
15 Fathom the branch of the current node;
16 else
17 If LBĩ j̃ ≤ Vmin , let Vmin ← LBĩ j̃ ;

18 Let scheduling plan to P̃ ← scheduling plan of the current node;

19 Let P̃ be the best exact scheduling plan and Vmin denote its value.

The FD-SDP Algorithm.
In D-SDP algorithm, the step of the B&B method would increase the CPU time of D-

SDP algorithm dramatically. So it is desirable to replace this B&B algorithm in Step 12
of D-SDP with a faster algorithm, which ideally could guarantee high quality solutions of
the sub-problems. To serve that purpose, we replace the B&B algorithm by a tailored local
search (LS) method to find the exact solutions of the sub-problems, which is named FD-SDP
algorithm.

In the LSmethod of FD-SDP algorithm, the relaxed solution of SDQPk is rounded firstly.
That is, let xi j = 1, ∀ j ∈ N , where i = argmax(xi j ). Then the rounding result is compared
by changing the assignment of one job. Consequently, the best rounding solution is known
as the result of LS method. The pseudo code of LS method is illustrated as follows.
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Algorithm 3: Local Search
Input: The relaxed solution P
Output: The exact scheduling plan P̃

1 For each job in the relaxed solution P , let ximax j ← 1 if ximax j > xi j , i ∈ M \ {imax };
Otherwise, let ximax j ← 0. Let Vint be the objective function value w.r.t. the exact
solution P̃ by rounding the solution P;

2 for j̃=1 to the number of jobs in the kth sub-problem do
3 for ĩ=1 to M do
4 Let xĩ j̃ ← 1 and xi j̃ ← 0 for all i ∈ M\{ĩ}. Then let Ṽ be the value of the

current scheduling plan. if Ṽ < Vint then
5 Let Vint ← Ṽ , and save the current scheduling plan as P̃

3.4 Performance analysis

In this section, we will analyze the performance of D-SDP algorithm for each sub-problem,
and estimate the approximation quality of the D-SDP algorithm. Meanwhile, since the pro-
posed local search basedmethod is employed to find the exact solution in FD-SDP algorithm,
the performance guarantee for the FD-SDP algorithm will not be discussed.

To fully stress the performance evaluation of the approximation algorithm D-SDP, the kth
sub-problem of the original scheduling problem has been decomposed into several cases with
respect to the existence of straddling jobs. There are in general two different scenarios for
the kth sub-problem. Moreover, the second case can be further divided into two conditions
by the existence of delayed jobs.

Case 1: In the kth sub-problem, SJ Sk = ∅ and DJ Sk = ∅. This illustration of which is
shown in Fig. 2a.
Case 2: In the kth sub-problem, SJ Sk �= ∅.

Case 2.1: DJ Sk = ∅, which is shown in Fig. 2b.
Case 2.2: DJ Sk �= ∅, which is demonstrated in Fig. 2c.

InProposition2,wehaveproved that each sub-problemcanbe solved as an Rm|| ∑ w j (C j+
Gk) problem, which can obtain the optimal solution based on the B&B method of D-SDP

Fig. 2 Illustrations of the three different scenarios in the kth sub-problem

123



Annals of Operations Research

Fig. 3 The sample scheduling
plan derived by D-SDP algorithm

Fig. 4 The lower bound job
allocation of the kth sub-problem

algorithm. Particularly, for each j ∈ Nk in Case 1, it will not affect the scheduling outcome of
the (k+1)th sub-problem. It means that ∀k ∈ K , if any job j ∈ F J Sk , then D-SDP algorithm
could be used to obtain the optimal solution of the original problem. In the following, we
will focus on the approximation of D-SDP algorithm via Case 2.1 and Case 2.2.

Several frequently used signs and symbols are denoted as below,

vo: The global optimum of the original problem.
vok : The local optimum of ˜QI Pk , ∀ j ∈ Nk\DJ Sk ∪ SJ S2k−1, which can be obtained
via D-SDP algorithm.
vD : The objective value of the scheduling plan viaD-SDPalgorithm, and vD = ∑

k∈K vok .

In what follows, the relationship between vo and vD will be proved to be vD ≤ ε · vo,
where ε is a specifically constructed ratio. Firstly, we considered the approximation of vok in
each sub-problem.

Figure 3 depicts the scheduling plan obtained by D-SDP algorithm for an instance of Case
2.1, where jobs A1, ..., A5 have stage dates Gk−1, jobs B1, ..., B5 have stage dates Gk , and
tmk−1 is the makespan of the scheduling plan for the (k−1)th sub-problem. Although the exact
optimal solution to the MI P could hardly be obtained due to the curse of dimensionality,
we will try to provide an upper bound and a lower bound of the objective value

∑
w jC j for

the kth sub-problem handled by D-SDP algorithm.
To begin with, the proposed lower bound for the local optimal solution of the kth sub-

problem is demonstrated in the following lemma, which by definition should be smaller than
the optimal solution of SDQPk . This situation is shown in Fig. 4, assuming all the machines
are idle after Gk .

Lemma 4 In the kth sub-problem, we have

vk ≤ vk′ . (24)
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Fig. 5 The upper bound job
allocation of the kth sub-problem

where vk denotes the optimal objective value of ˜QI Pk ∀ j ∈ Nk, and vk′ denotes the optimal
value of ˜QI Pk ∀ j ′ ∈ N ′

k , and N ′
k is another job set that Nk ⊆ N ′

k .

Proof Firstly, assume that N ′
k = Nk ∪ { j ′a}. If vk > vk′ − w j ′aC j ′a , then vk can be reduced

by using the optimal solution, while ignoring the job j ′a of ˜QI Pk for j ′ ∈ N ′
k . Apparently, it

contradicts the optimum condition of vk . Hence we have

vk ≤ vk′ − w j ′aC j ′a .

Without loss of generality, assume that N ′
k = Nk ∪{ j ′1, j ′2, ..., j ′s}. Based on the above proof,

we have

vk ≤ vk′ − (w j ′1C j ′1 + w j ′2C j ′2+, ...,+w j ′s C j ′s ) ≤ vk′ .

�	
Theorem 2 (Lower bound) In the kth sub-problem, we have

vlbk ≤ vok . (25)

where vlbk is the optimal value of ˜QI Pk by assuming all machines are idle at Gk.

Proof When we ignore the existence of the straddling jobs in the (k − 1)th stage, in the best
scenario, it could be assumed that all the machines are idle at Gk . Let Nlb

k denote the job
set that Nlb

k ∪ { jb| j ∈ Nk−1}. Moreover, since Inequality (24) holds in Lemma 4, hence we
have vlbk ≤ vok . �	

Theorem2demonstrates how the lower bound of the original problemMI P is constructed.
In the following, we will devise an upper bound for the optimal solution of the kth sub-
problem to completely restrain the optimal value of the (k + 1)th sub-problem. This upper
bound condition is shown in Fig. 5.

Theorem 3 (Upper bound) In the kth sub-problem, we have

vok ≤ vubk . (26)

where vubk is the optimal value of ˜QI Pk by assuming all the machines are idle at
max{Gk, tmk−1}.
Proof The assumption, that all machines are idle after max{Gk, tmk−1}, can be known as that
there is a set of jobs Nub

k should be produced in the idle time period [Gk,max{Gk, tmk }).
Then vok is the optimal value of ˜QI Pk ∀ j ∈ Nk , and vubk is the optimal value of ˜QI Pk
∀ j ∈ {Nk ∪ Nub

k }. Moreover, Inequality (4) holds in Lemma 4. Hence we have vok ≤ vubk . �	
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In Theorem 2 and Theorem 3, both the lower bound and the upper bound for the optimal
solution of the kth sub-problem have been proposed. Moreover, according to Proposition 2, it
could be concluded that the jobs in the optimal scheduling plan of Theorem 2 and Theorem 3
should have exactly the same sequence, given that the jobs in each stage all start processing
at the same time. Then the following lemma is provided to compare the objective values,∑

w jC j , of these two scheduling.

Lemma 5 In the kath and kbth sub-problems, which have the same job set Nk, with different
stage dates. Their objective values satisfy

voka ≤ Ga

Gb
vokb . (27)

where Ga ≤ Gb are unequal stage dates, voka is the objective value of ˜QI Pk with job set Nk

and stage date Ga; vo
kb

is the objective value of ˜QI Pk with job set Nk and stage date Gb.

Proof According to Proposition 2, the same set of jobs in stage Ga should have the identical
scheduling plan as they do in stage Gb. It means that

w jCa
j

w jCb
j

= Ga + pi j + p̃i j
Gb + pi j + p̃i j

≤ Ga

Gb
,∀ j ∈ Nk .

where Ca
j is the completion time of job j in stage Ga , and Cb

j is the completion time of job
j in stage Gb; p̃i j is the total processing time of jobs processed before job j on machine i in
the same stage. Thus the following inequality holds,

∑
w jCa

j
∑

w jCb
j

≤ Ga

Gb
.

Since voka = ∑
w jCa

j , and vo
kb

= ∑
w jCb

j , thus we have voka ≤ Ga
Gb

vo
kb
. �	

Based on Lemma 5, we can evaluate the relationship between the objective values of the
two sub-problems with identical job sets but unequal stage dates. This conclusion can be
used in comparing the lower bound in Theorem 2 and the upper bound in Theorem 3. And
the comparison result is shown in the following theorem.

Theorem 4 (εk-approximation) In the kth sub-problem, vok has the approximation to vlbk
satisfying,

vok ≤ εkv
lb
k . (28)

where k ∈ K\{1}, εk = max{Gk ,tmk−1}
Gk

, tmk−1 is the makespan of the scheduling plan for the
(k − 1)th sub-problem.

Proof As it is shown in Theorem 3, the relation vok ≤ vubk holds. According to Proposition 2,
the jobs in the optimal scheduling plan of the lower bound in Theorem 2 and the upper bound
in Theorem 3 have the identical scheduling outcome. It means that each job in the optimal
scheduling within the upper bound starts processing max{Gk, tmk } −Gk later than the job of
the optimal scheduling plan within the lower bound. Based on Lemma 4, it is obtained that

vubk ≤ max{Gk, tmk−1}
Gk

vlbk .
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Moreover, Theorem 2 shows that vok ≤ vubk , hence we have

vok ≤ vubk ≤ max{Gk, tmk−1}
Gk

vlbk .

�	
In Theorem 4, we proved that vok ≤ max{Gk ,tmk−1}

Gk
vlbk , ∀k ∈ K\{1}. However, the value of

εk might be extremely large when Gk approaches 0. Hence, a better upper bound for the
optimal objective value, for sub-problems with small stage time, should be developed. The
following assumption is included to set a limit for ε = maxk(εk).

Assumption 1 In Rm|r j | ∑ w jC j , it is assumed that

Gk =
{
pmax , if r j ≤ pmax ;
r j , otherwise.

where k ∈ K , j ∈ N , pmax = maxi, j pi j .

Based on Assumption 1, the job set of the first sub-problem is denoted as N1 = { j |r j ≤
pmax , j ∈ N }. Specifically, for each job j ∈ N1, it only can be processed after G1 instead of
r j . Hence the optimal solution of the first sub-problem based on Assumption 1 can be known
as the upper bound of the optimal solution of the first sub-problem without Assumption 1.
However, the processing of jobs in the kth sub-problem, ∀k ∈ K\{1}, will be postponed. Then
the relationship between the optimal objective values of Rm|r j | ∑w jC j with and without
Assumption 1 will be discussed.

Lemma 6 In Rm|r j | ∑ w jC j , we have

v̂o ≤ μvo. (29)

whereμ ≤ 2, and v̂o is the optimal objective value which satisfies G1 = pmax , ∀ j ∈ N , r j ≤
pmax .

Proof In Assumption 1, we let G1 = pmax if r j ≤ pmax , ∀i ∈ M, j ∈ N . Then we could
conduct a worst case analysis to evaluate the approximation performance of this algorithm.
For the worst case scenario, all the jobs in the first stage are released extremely close to
time zero, but will be processed after G1 at the earliest. Thus it is equivalent to postpone the
completion time of any job j ∈ N by pmax .

In that case, we have ˆvub = ∑
w jC j +∑

w j pmax , where ˆvub represents an upper bound
of v̂o. Moreover, vo = ∑

w jC j indicates that it is the optimal solution to the original
scheduling problem. Then we have

ˆvub = μvo, where μ =
∑

w jC j + pmax
∑

w j
∑

w jC j
.

In the actual manufacturing process, since jobs released in the first stage would not all

be postponed by pmax , the optimal solution v̂o ≤ ˆvub. Therefore, for more general cases
where the situations are less extreme, the numerator part

∑
w jC j + pmax

∑
w j in the above

fractional expression would be reduced, which is equivalent to the decrease of ˆvub, then the
following inequality stands.

v̂o ≤ ˆvub = μvo, where μ =
∑

w jC j + pmax
∑

w j
∑

w jC j
.
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Moreover, the inequality μ ≤ 2 holds, because pmax ≤ C j for all j ∈ N . As a result, the
inequality μ ≤ 2 holds in the proposed stage construction model. �	

In Lemma 6, the most significant influence on the approximation bound exerted by the
above postponement operation inAssumption 1 has been obtained via theworst case analysis.
Based on the conclusions derived in Lemma 6, we could eventually evaluate the approxima-
tion performance of D-SDP algorithm as illustrated below.

Theorem 5 (4-Approximation) D-SDP is a 4-approximation algorithm.

Proof In the kth sub-problem, the upper bound of the objective value of the scheduling
plan for the kth sub-problem could be obtained by D-SDP algorithm, vok ≤ εkv

lb
k , where

εk = max{Gk ,tmk−1}
Gk

, as it is illustrated in Theorem 4. Although the stage dates for the jobs
whose release dates are less or equal to G1 are deliberately set to pmax by the divide and
combine method, it is firstly assumed that the operations will not affect the successive stages.
Let tm0 = 0, then we have the following inequality,

vD ≤
∑

k∈K

max{Gk, tmk−1}
Gk

vlbk

Counting into the effects of the divide and combine method, after setting the first stage
date to be pmax for all the jobs whose release dates are less or equal to G1, the optimal
objective value, v̂o, will be larger than the sum of the lower bound of each sub-problem
(
∑

vlbk ) without considering the postponement effect.

∑

k∈K

max{Gk, tmk−1}
Gk

vlbk ≤ max
k∈K

{
max{Gk, tmk−1}

Gk

}

v̂o

Moreover, since Lemma 6 demonstrates that v̂o ≤ μvo for the relationship between the
optimal solution with/without considering divide and combine method, thus the following
inequality holds,

max
k∈K

{
max{Gk, tmk−1}

Gk

}

v̂o ≤ max
k∈K

{
max{Gk, tmk−1}

Gk

}

μvo.

Finally, for the kth sub-problem, since tmk ≤ Gk + pmax , max{Gk, tmk−1}/Gk ≤ 2 holds.
In addition, based on Lemma 6 we have μ ≤ 2, thus the approximation rate vD ≤ 4vo is
obtained. �	

Actually, for the more general situation, the value of ε = maxk(εk) would approach the
average value of εk of the last several stages; and μ would get close to 1 when the number of
jobs becomes sufficiently large. To validate the derived theorem, a special case is considered
where identical groups of jobs are allocated into every stage. Then the sum of the weighted
completion times for the kth stage will increase with the value of k. It means that the larger k
is, the more influence εk will have for the overall ε. Moreover, when the value of Gk is large
enough, μ approaches 1, which means that D-SDP performance will be enhanced with the
increase of job quantity. Furthermore, the computation results in the next section will also
show that the gap between the optimal solution and our proposed algorithm is within 1% for
most instances.

In the next section, we will show the performance of our algorithms and compare it with
the solution derived by CPLEX, the WCT-NEH algorithm which was proposed by Lin and
Lin (2013), and the algorithm proposed by Hall et al. (1997).
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4 Computational results

In this section, we present a series of computational experiments to test the performance of
our algorithm. The MIP model and approximation algorithm of Hall et al. (1997) is solved
by CPLEX 12.6. We use Corollary 1 to further reduce the CPU time for solving the MIP
model. All other algorithms have been implemented by MATLAB R2016a. The experiments
are performed on a PC with a 2.3-GHz CPU and 8 GB memory.

4.1 The comparison of D-SDP, FD-SDP and other existed algorithm

In order to conduct an intensive performance analysis, we consider job groups of numeri-
cal instances in terms of the number of jobs: n ∈ { 20, 30, 40, 50, 60, 70, 80 }(medium
scale instances) and n ∈{100,150,200,250}(large scale instances). And the machine groups
are divided into a set of different machines numbers: m ∈{2,3,4,5}. Besides, to assimilate
the natural variations of the operation process, the processing times of jobs are uniformly
distributed in the rangesU[20,50]. And theweights of the jobs’ completion times are also uni-
formly distributed in the range U[2,10]. Finally, the release dates of jobs are again uniformly
distributed in the ranges U[1,P], where P = ∑m

i=1
∑n

j=1 pi j/m.
To conduct an in-depth analysis on the quality of solutions derived by the proposed algo-

rithms, V(algorithm) denotes the objective function value of the solution of an algorithm. In
small-medium instances, Gap1 is defined as (V (D-SDP)−V (CPLEX))/V (CPLEX)×100%,
(V (FD-SDP) − V (CPLEX))/V (FD-SDP) × 100% is the value of Gap2, and the defini-
tion of Gap3 is (V (WCT-NEH) − V (CPLEX))/V (WCT-NEH) × 100%. Gap2 is defined as
(V (CPLEX) − V (Hall(1997)))/V (CPLEX) × 100%. For the cases where CPLEX cannot
deliver an optimal solution in a reasonable period of time, NaN is used to represent the gap.
Due to the curse of dimensionality, for large instances, CPLEX cannot obtain the optimal
outcome most of the time.

In Tables 1 and 2, the averaged results over 5 trials formedium instances are reported. Each
problem is solved by CPLEX, D-SDP, FD-SDP,WCT-NEH proposed by Lin and Lin (2013),
and the approximation algorithm provided by Hall et al. (1997). It is observed that the CPU
time of CPLEX based algorithm would increase rapidly with the number of jobs, machines
and the value of tmax . For the instances where CPLEX is unable to obtain the optimal solution
because the memory of PC is full, we set the CPU-time of CPLEX as infinity.

For each problem instance, Gap1 and Gap2 are usually less than 2%. D-SDP algorithm
and FD-SDP algorithm always have similar solutions. Moreover, the CPU-times of D-SDP
algorithm and FD-SDP algorithm would increase with the number of jobs, but the gap would
decline with the number of jobs. The WCT-NEH algorithm can solve the problem rather
quickly, but the Gap3 would increase rapidly with the number of jobs.

Figures 6 through 9 show the gaps and CPU times for small-medium instances on 2 to 5
unrelated parallel machines, respectively. It is observed that CPLEX could only find the exact
solutions to the instances with very limited number of jobs and machines. In comparison,
the WCT-NEH method could locate a solution quickly, but the quality of the solution is not
assured. Moreover, the gap of WCT-NEH method would increase with the number of jobs.
Similarly, the approximation algorithm of Hall can also derive the solution in a fast manner,
but again the gap is not satisfactory. In Figs. 6a, 7a, 8a and 9a, the relationship of D-SDP
and FD-SDP are zoomed in on the center of figures. It should be pointed out that the lines of
D-SDP and FD-SDP overlapped in both Figs. 6b, 7b, 8b and 9b. To our relief, the proposed
D-SDP and FD-SDP algorithms can always obtain a high quality solution for most cases,
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Table 1 The performance of DP-SDP, QDP-SDP and WCT-NEH for m = 2, 3

m n CPLEX D-SDP FD-SDP WCT-NEH Hall (1997)

CPU time CPU time Gap1 CPU time Gap2 CPU time Gap3 CPU time Gap4

2 20 5.93 29.90 0.48% 8.22 0.47% 0.01 9.51% 0.14 41.98%

30 13.71 58.28 0.29% 9.27 0.33% 0.01 19.70% 0.20 37.53%

40 22.45 71.01 0.23% 11.99 0.12% 0.02 24.77% 0.24 36.13%

50 35.97 86.82 0.12% 15.11 0.12% 0.03 30.81% 0.26 43.31%

60 52.20 108.89 0.09% 18.27 0.09% 0.04 29.77% 0.26 41.66%

70 72.91 112.86 0.04% 20.97 0.04% 0.05 31.40% 0.27 34.55%

80 91.87 136.66 0.04% 24.37 0.05% 0.08 35.83% 0.29 39.32%

3 20 9.17 56.03 0.67% 6.81 0.21% 0.01 3.25% 0.20 35.93%

30 19.95 70.63 0.37% 10.01 0.11% 0.01 8.98% 0.24 45.53%

40 36.70 95.21 0.24% 13.42 0.03% 0.02 12.76% 0.26 43.35%

50 54.76 141.84 0.29% 16.68 0.08% 0.03 14.09% 0.31 44.08%

60 79.82 142.51 0.25% 20.06 0.04% 0.04 17.54% 0.34 40.52%

70 108.92 169.73 0.30% 23.50 0.04% 0.06 24.48% 0.40 35.38%

80 ∞ 190.09 NaN 26.50 NaN 0.09 NaN 0.42 NaN

Table 2 The performance of DP-SDP, QDP-SDP and WCT-NEH for m = 4, 5

m n CPLEX D-SDP FD-SDP WCT-NEH Hall (1997)

CPU time CPU time Gap1 CPU time Gap2 CPU time Gap3 CPU time Gap4

4 20 12.55 57.54 1.30% 7.10 0.48% 0.01 0.89% 0.25 28.51%

30 27.46 86.00 0.75% 11.01 0.25% 0.01 1.86% 0.27 41.53%

40 50.43 104.34 0.50% 13.98 0.12% 0.02 7.73% 0.32 41.81%

50 76.35 134.73 0.23% 17.78 0.08% 0.04 8.10% 0.39 47.73%

60 111.96 201.98 0.46% 21.89 0.02% 0.05 12.79% 0.39 39.36%

70 156.09 233.82 0.19% 25.42 0.02% 0.07 13.25% 0.40 35.47%

80 ∞ 334.99 NaN 28.69 NaN 0.09 NaN 0.42 NaN

5 20 17.01 81.66 0.15% 7.83 0.11% 0.01 0.23% 0.23 34.39%

30 35.41 169.49 0.12% 12.20 0.09% 0.01 0.68% 0.32 41.30%

40 62.62 202.85 0.04% 16.16 0.03% 0.02 2.24% 0.33 34.51%

50 99.15 276.73 0.03% 20.44 0.02% 0.04 5.17% 0.36 44.27%

60 151.99 304.75 0.03% 24.08 0.02% 0.06 5.79% 0.45 42.24%

70 ∞ 415.97 NaN 28.24 NaN 0.09 NaN 0.53 NaN

80 ∞ 455.65 NaN 32.63 NaN 0.11 NaN 0.54 NaN

even though D-SDP would require more time to tackle the problem because of the B&B
algorithm.

Provided that the FD-SDP algorithm outperforms D-SDP in terms of computational time,
it doesn’t mean the inferiority of the quality of its outcome. It is observed from the numerical
examples that the FD-SDP algorithm would have a better solution than D-SDP algorithm
from time to time. In both medium and large scale instance, the solutions yielded by FD-SDP
would be better than D-SDP occasionally. To dig deeper with the observed phenomenon, the
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Fig. 6 The performance for m = 2

Fig. 7 The performance for m = 3

following discoveries may be worthwhile to pursue. For FD-SDP algorithm, the local search
algorithm is applied to search for the solution of each sub-problem, which may not be the
optimal solution because of the internal mechanism of local searching. However, since the
aimof solving each sub-problem is to find the schedulingwith theminimized sumofweighted
completion time instead of the makespan, local search based algorithm can indeed obtain an
ideal objective value sometimes. The reason for which is that the jobs of its successive stage
will start processing earlier given there are straddling jobs in the current stage. And hence
the successive sub-problem would have a smaller sum of weighted completion time.

For those instances where both algorithms could deliver valid results, we compare their
performances with the proposed D-SDP algorithm. Here Gap-L1 is defined as (V (D-
SDP) − V (FD-SDP))/V (D-SDP) × 100%, Gap-L2 is defined as (V (WCT-NEH) − V (D-
SDP))/V (WCT-NEH) × 100%, and (V (D-SDP) − V (Hall(1997)))/V (D-SDP) × 100% is
the value of Gap-L3.

In Table 3, the averaged result over 5 trials for large instances are reported. Here we just
compare the performance of D-SDP, FD-SDP, WCT-NEH, and the approximation algorithm
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Fig. 8 The performance for m = 4

Fig. 9 The performance for m = 5

of Hall et al. (1997), because CPLEX usually fail to obtain the solution for large instances.
It is observed that the CPU time of D-SDP and FD-SDP would increase contiuously with
the number of jobs and machines. Besides, it is found that FD-SDP is always more efficient
than D-SDP, and the two proposed algorithms can obtain solutions of similar quality.

Figure 10 demonstrates the average relative gap for large sized instances. It seems that
the FD-SDP algorithm is always much more efficient than other methods in this setting. In
Fig. 11, however, it is witnessed that D-SDP algorithm would spend relatively more time in
deriving the solution. In comparison, WCT-NEHmethod can always find a solution with less
consumed time in these instances. Specially, the lines of WCT-NEH and Hall overlapped.
The FD-SDP algorithm can solve these scheduling problems within a satisfactory time range.

4.2 The statistical analysis for D-SDP and FD-SDP algorithms

In this subsection, the statistical analysis for D-SDP and FD-SDP algorithm are provided.
Several computational examples for medium scale instances are considered. Their optimal
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Table 3 The performance of DP-SDP, QDP-SDP and WCT-NEH for large size instance

m n D-SDP FD-SDP WCT-NEH Hall (1997)

CPU time CPU time Gap-L1 (%) CPU time Gap-L2 (%) CPU time Gap-L3 (%)

2 100 187.01 30.78 0.00 0.13 41.13 0.31 47.85

150 283.74 45.29 0.00 0.36 47.57 0.45 34.81

200 363.12 61.38 0.00 0.74 55.10 0.57 50.82

250 463.26 80.38 0.00 1.83 56.95 0.67 35.66

3 100 258.10 34.16 −0.11 0.15 28.71 0.41 46.63

150 316.77 49.51 −0.04 0.40 38.19 0.49 43.97

200 575.62 68.09 0.05 0.83 41.81 0.67 46.96

250 737.87 81.74 −0.05 1.54 43.85 0.82 36.42

4 100 551.21 35.76 −0.20 0.17 16.65 0.43 46.42

150 644.17 53.69 −0.11 0.48 26.80 0.63 36.36

200 883.83 89.46 −0.50 0.89 33.43 0.79 48.95

250 980.20 73.17 0.07 1.56 38.13 0.83 34.46

5 100 607.63 39.90 0.00 0.18 16.22 0.60 46.04

150 874.59 61.60 0.00 0.51 21.56 0.73 35.04

200 1389.27 84.08 0.00 1.07 25.80 0.92 43.53

250 1491.68 100.75 0.00 1.84 31.88 1.06 34.46

Fig. 10 The average relative gap for large size instances

objective values are provided byMIP model solved by CPLEX 12.6. In both Figs. 12 and 13,
the gap results over 24 combinations in terms of jobs and machines, each of which consists
of 100 randomly generated instances, are reported for D-SDP and FD-DSP, respectively.

In Fig. 12, Gap is defined as (V (D-SDP)−V (CPLEX))/V (D-SDP)×100%. In Fig. 12a,
the extreme outliers exist for a few instances. But the gap values of all the extreme outliers
would not exceed 9% in our computational examples. In Fig. 12b the box chart was zoomed in
to better focus on the details. Generally, for the instances with identical number of machine,
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Fig. 11 The average CPU time for large size instances

Fig. 12 The statistical analysis for D-SDP algorithm

the interquartile range would decrease with the increase of job quantity. Moreover, most gap
values obtained with D-SDP algorithm in our computational examples would not exceed 3%.

In Fig. 13, Gap is defined as (V (FD-SDP)−V (CPLEX))/V (FD-SDP)×100%. Compar-
atively speaking, the extreme outliers in Fig. 13a are relatively larger than their counterparts
in Fig. 12a. Mostly the values of the extreme outliers would not exceed 14% in our com-
putational examples. As it is shown in Fig. 13b, for the instances with identical number of
machine, the interquartile range would also decrease with the increase of job quantity. In
general, most of the gap values would not exceed 2% in all of our computational examples.
More importantly, an interesting fact could be observed in the above figures, which is the
solution quality of FD-SDP turns better as the numbers of jobs andmachines increase.Which
is equivalent to state that the algorithm performs well as the size of the problem grows.

In Fig. 14, the number of instanceswith specified gaps out of 100 randomly generated cases
in each job/machine setting for D-SDP and FD-SDP, is demonstrated. In specific, Fig. 14a
to (d) have depicted the number of instances, whose gaps are less than 0.5% and 1%, with
unequal number of machines 2 to 5, respectively. As it is shown in Fig. 14, the number of
instances, for D-SDP and FD-SDP with gaps less than 0.5%, would both increase with the
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Fig. 13 The statistical analysis for FD-SDP algorithm

Fig. 14 The number of instances for D-SDP and FD-SDP with gaps less than 0.5% and 1%

number of jobs. Similarly, the number of instances, for D-SDP and FD-SDP with gap less
than 1%, would also increase with the number of jobs.

5 Conclusion

In this research, the unrelated parallel machine scheduling with release dates to minimize
the sum of weighted completion time is investigated. Two approximation algorithms, namely
D-SDP and FD-SDP are proposed to tackle this NP-hard problem. In the divide and combine
process, the Rm|r j | ∑ w jC j problem is divided into a series of Rm|| ∑ w jC j sub-problems
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based on their release dates. Then a QIP formulation is considered for each sub-problem,
and an SDP relaxation is presented for each QIP model. After combining the solutions
of the subproblems to constitute the solution of the primal problem, it is proved that D-
SDP algorithm is a 4-approximation algorithm under constant worst-case scenario, which
promotes thewell-known 16/3-approximation given byHall et al. In the computational results
section, several different sized instances are constructed to verify the performance of our
algorithms, in comparisonwith the outcomes of CPLEX and other approximation algorithms,
such as WCT-NEH algorithm. Furthermore, during the extensive statistical analysis, it is
observed that D-SDP and FD-SDP algorithms could almost always provide high quality
solutionswith less than1%gaps.And thegapwill further decrease as the size of the scheduling
problem enlarges. It is also discovered that the computational time of FD-SDP is comparable
to that ofWCT-NEH or the approximation algorithm designed by Hall et al, which may incur
relatively larger gaps in return.
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